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ABSTRACT

The Gaussian probability density function plays a central role in probability, statistics
and Fourier analysis. This paper presents formulas involving various combinations of
moments, derivatives, integral, products and convolutions of this function. The results are

useful in statistical curve estimation, but also have a beauty of their own.
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1. INTRODUCTION

The Gaussian, or Normal, probability density function is very special, both in prob-
ability theory and in statistics, because it is the limit law of the Central Limit Theorem,
see Bhattacharya and Ranga Rao (1976) for access to the large literature on this topic.
The main idea behind it is that sums of independent random variables, when properly
normalized, all tend to have the same limiting distribution, the Gaussian.

The Normal probability density function also plays an important role in Fourier anal-
ysis, because it is the unique fixed point of the Fourier transform isometry between Lo and
itself, see (7.6) of Rudin (1973). For other interesting characterizations and properties of
this function, see Patel and Read (1982).

In this paper some properties of this function are reviewed, and others are explored.
In particular explicit formulas for quantities involving various combinations of moments,
derivatives, products and convolutions are given.

The motivation for this investigation is recent work in statistical nonparametric curve
estimation. However, we were pleased to find the results have a simple and elegant math-
ematical structure, which we feel is of independent interest. The proofs are mostly based
on straightforward Fourier transform theory, and we feel they once again demonstrate the
utility of that methodology.

Applications of these results have become important in two aspects of curve estima-
tion. The first of these is the derivation of exact mean integrated squared errors for kernel
density estimation of normal mixture densities, see Marron and Wand (1992). This promis-
ing new tool is proving to be far more powerful and efficient than the currently widely used
Monte Carlo methods for assessing issues such as when, and how well, asymptotic analyses
describe the actual situation.

The second is for the analysis, and also implementation, of data based smoothing
parameter selectors. This area has recently seen a good deal of activity, and the proposal
of many new methods. A useful tool in the comparison of these is the asymptotic limiting
distributions, see Section 3 of Park and Marron (1990) for example (and for access to earlier
references). Results of this paper are useful for this because the constants found in those
distributions are usually of this form. In addition, some of the new smoothing parameter
selectors require calibration in terms of a reference distribution. A popular means of doing
this, see for example (2.10) of Park and Marron (1990), is to use the Normal scale family,
with some scale estimate, which again requires results of the type in the present paper for
implementation.

Notation and preliminary results are given in Section 2. Section 3 deals with moment
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results and Section 4 gives product formulas. In Section 5 convolution and integrals of
products are presented while Section 6 contains miscellaneous extensions related to results
from previous sections. For several of the results the application to curve estimation are

pointed out through remarks. All proofs are given in the Appendix.

2. NOTATION AND PRELIMINARIES

The standard Normal probability density function is defined by
o(x) = (2m) "2/,
A subscript means a rescaling of the type

¢o(x) = p(x/0) /0. (2.1)

A random variable X has a Normal distribution with parameters p and o2, written as
X ~ N(u,o0?), if its probability density function in the variable x is ¢o (z — ).
The convention concerning derivatives and rescalings is that rescalings are done first,

05 (@) = (d" [da")po () = ¢\ (2 /o) Jo" . (2.2)

Integrals with no explicit limits are understood to mean definite integrals from —oo

to co. Given functions f and g, the convolution (when it exists) is

u*muwz/f@—umwﬁw. (23

This version of the definition of convolution is preferred by probabilists because f * g is the
probability density function of X + Y, where X and Y are independent random variables
having density f and g respectively.

For r =1,2,..., the “Odd Factorial” is defined by

(2r)!

OF(2r)=(2r—-1)(2r—-3)---1= ] (2.4)
For » =0,1,2,... the Hermite polynomials are defined by
H,(z) = (=1)"¢")(2)/¢(x). (2.5)
A handy representation of ¢(")(x) is therefore
¢ (x) = (=1)"H,(2)¢() (2.6)
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from which it follows that

o) (2 — ) = (1) H, (‘*;“) " (x ) Jorh, (2.7

g

Another form (from Gradshteyn and Ryzhik, 1980, but observe that our Hermites are

equal to their’s with an argument of x/2'/? and multiplied by 277/?) is

H,(z) = 2" — OF(2) (g) 2""2 + OF (4) (2) 2"~ — OF(6) <g) 2" (2.8)

where the sum is taken to [r/2] + 1 terms, and [-] is the greatest integer function. Useful

recursion formulas for these are (from 8.952 of Gradshteyn and Ryzhik, 1980):

H.(z)=xH,_1(x) — (r — 1)H,_2(z). (2.9)
(d/dx)H,(x) = rH,_1(z). (2.10)
The y intercept (from 8.956 of Gradshteyn and Ryzhik (1980)) is
H,(0) = { (=1)"/20F(r) r even (2.11)
0 r odd.

From (2.8) we have

(—i)"H,(iz) = 2" + OF(2) (;) 272 + OF(4) (D 2"* + OF(6) (g) 2L (2.12)

where the sum is taken to [r/2] + 1 terms. Note that the coefficients are as for H,(z)
except that all signs are positive.
From (2.6), (2.11) and (2.2) it follows that

30 (0) = {é—l)r/ *(2m)~/?OF (r)o "t : Efiedn (2.13)

3. MOMENTS AND RELATED QUANTITIES

Theorem 3. For o >0, X ~ N(u,0%) and v > —1,

oo

v v L(v + p"—2Fo®
B(XY) = /x Pow —p)de = T(v+1— 2k)kI2F
k=0

where the first equality defines E(X"), the vth central moment of X.

Corollary 3.1. Foro >0,r=0,1,2,... and X ~ N(u,0?),

B(X") = [ 470(a = p) do = (~i0)" H(info).
See (2.12) for a means of representing these polynomials.
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Corollary 3.2. For X ~ N(0,02), when r is even,

E(X") = /x’"gzﬁa(x) dx = oc"OF(r),

and when r is odd

B(XT) = /zcrqﬁg(a:) de =0,

Corollary 3.3. When r > 1/,

7”! . e’ .
| (ZU) H(r,r/)(lﬂ/(f).

/flz‘rd)((f/)(ﬂf —p)dr = (—1)Tm

Otherwise

/w%ﬁf Nz —p) =0.
Again, see (2.12) for convenient representation.

Corollary 3.4. When r + 1’ is even and r > 1/,

/xrqzﬁgrl)(x) dx = (—1)TMUTTIOF(T —7r').

Otherwise

/:1:7’¢((f/)(a:) dx = 0.

Remark: This result, together with Theorem 4 appears in the limiting distribution of

Biased Cross-Validation, see for example Theorem 3.2 of Park and Marron (1990).

4. PRODUCTS

Theorem 4. Foro; >0,i=1,...,m,

i=1

H%i (@ — i) = (2m)' /2 (H 0z’> 05 ()¢5 (v — 1)

where



Corollary 4.1.

/]i[gbcrZ /M dx = (27T)1 m/2 (H Uz) 9255(:&)

Corollary 4.2. For o,0’ > 0,

bo (= ) o (¥ — 1) = Gor (= 1) Pgor jor (T — 117)

where

0_*2(0_2_'_0_/2)1/2’ ,u*_a H+UM
o2+ o'?

Corollary 4.3.
60 (2)951 (1) = (27) V210 () 0.

Corollary 4.4. For oy,...,0,. > 0,

Hﬁbal 27T (- T)/2¢<Hi ai)/(g+)(x)/0+7

where
1/2

r r r 1/2
se) (i) ()
i=1 j#i i=1 i=1
Corollary 4.5.

o(z)" = 2m) 12, () /12,

Corollary 4.6. For o1,05,03 > 0,

¢01 (x - M1)¢02 (.T} - M2>¢03 (-'17 - ,LL3) = (27T)_1/2¢U** (M**)¢G*** ($ - N***)7

where

2 2 1/2.
o** = (0}03 + 0303 + 0303) /

P = {0t (e — pa)® + o3 (1 — ps)® + o3 (. — p2)? 32,

o™ = 010903/0"",

*okok

2.2 2 92 2 92 2 92 2 92 2 92
wt = (030301 + 010302 + 0105u3) /(0705 + 0703 + 0503).



5. CONVOLUTIONS AND INTEGRATED PRODUCTS OF DERIVATIVES
Theorem 5. For 0,0’ >0, and r,v’ =0,1,2,...

6D (=) ¢ (- — ) (@) = o8 @ — 1)

1/2

where o* = (02 4 0/*)Y/2 as in Corollary 4.2.

Corollary 5.1. For ri,re,...,7m =0,1,2,...

(Zs(m) * ¢(r2) . (b(rm)(m) _ ¢(r1+r2+ +7"m)( )

ml/2

Corollary 5.2.
/ O (@ =)ol (@ — ') dw = (=160 (= 1),

Remark: This result is used in the calculation of both asymptotic and exact mean in-
tegrated squared error formulas, as in Marron and Wand (1992). It also is used in the
calibration of many different “plug-in” smoothing parameter selectors, for example that
treated in Hall, Sheather, Jones and Marron (1991).

Corollary 5.3. For r + 1’ even
[ 6@ @) do = (<12 2m) OB+ 1) (o)
where o* is as in Corollary 4.2 and for r + r’ odd

/ 6™ (2)¢" ) (z) dz = 0.

o 1/22r+1

Remark: This form appears in both the limiting distribution of the smoothing parameters,

Corollary 5.4.

and also in the data-based calibration, for both Smoothed Cross-Validation, as discussed
in Theorems 3.1 and 4.2 of Hall, Marron and Park (1992), and also for the main method
discussed in Park and Marron (1990), see Theorem 3.3 there.

Corollary 5.5.
105

2 2 2 .
/{¢( Vo) (2)}? da = 29 (2m)1/2"
Remark: As with Corollary 5.4, this form also appears in both the calibration and the

analysis of many different types of recently proposed smoothing parameter selectors, see
Park and Marron (1990).



Corollary 5.6.

/{¢(T) * qﬁ(x)}2 dr = (27?)5%

Remark: This also appears in both places in the method of Park and Marron (1990).

6. MISCELLANEOUS EXTENSIONS

Theorem 6.1.

/H¢(“ T — 1)
= 20200 S 3 TL{ () oo il o951} 555 o (gﬂ)

.71 =0 ]7n_0k 1
where

pl =pp — i and OF(r) =0 if ris odd

and &, i, & and fi are as in Theorem 4.

Remark: This result is useful for exact mean squared error calculations in the estimation
of integrated squared derivatives of probability density functions.

Corollary 6.1.1.

/H(b(m
(2r)1-m)/2 Z Z H {( > IO (1, —jk)}S—HZL”OF (iﬂ) .

71=0 Im=0k=1 /=1

Corollary 6.1.2.

/ ﬁlw%) s
(2)(1=m)/2 Z Z H {( )OF T —]k)} m-2 (0, ) o (iﬂ) .

71=0 Im=0k=1

Corollary 6.1.3.

1
J162y0 = o

Corollary 6.1.4.

76
2y —
JRIT =
Remarks: This appears in both the limiting distribution and the calibration of Smoothed
Cross-Validation, see Theorems 3.1 and 3.2 and (4.2) of Hall, Marron and Park (1992).
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Theorem 6.2. For k=1,2,... and r +r' =k (mod 2),

[ a6 @6 @) do
:(_ 1)(7"/—T—|—2k)/22—(r'+r—|—2k—|—2)/2ﬂ_—1/2k.!

> Z(p,p’)eA <;) (;) (—1)P=P V2@t 2OR (1 0 — p—p) [{(k —p — p')/2}!

where
A={(a1,a2) € Z* x Z" s a1+ as =k (mod 2), a1 +as < k,a; <r,as <7’}
and Z% is the set of positive integers. For r + r'#k (mod 2),
/xkqﬁ(” (2)0")(2) dz = 0.
Corollary 6.2.1. For k=1,2,... andr + 1 =k (mod 2),
[ 60 @6 @) do

— o~ (r'+r—k+1) (_1)(r’—r+2k)/22—(r/+r+2k+2)/27r—1/2k,!

r r’ / /
—1)e=p")/29(r+r")/2QF " — o)/ (k—p—p)/2}
<Y a) () (v~ p— D)4k~ p—2)/2)
while for r + r'#k (mod 2),
/ ¢ (2)85 ) (x) dx = 0.
Corollary 6.2.2. For r +r' odd,

=02 1 _
r v _ ) (51) (r—r)OF(r+r" —1)
/xqzﬁg)(x)gzﬁg )(1‘) dx = o=t 11/29(r+r'+3)/2 ’

while for r + 1’ even,

/%ff) (2)¢Y) (x) da = 0.
Corollary 6.2.3. Forr + 1’ even and r + 1’ > 0,

_1\(r—=7")/2 r I 1)\2 r
9 L (r W gy (51 {4rr’ — (r+ 1" = 1)?}OF(r + 1" — 2)
/33 ¢g)(x)¢g )(fﬁ) dr = o~ ) 11/29(r+r"+4)/2 ’




while for r = r' = 0,

/x2¢gr)(x)¢ff/)(fll) dr = 0/(4%1/2),

and for r +r' odd,
/ 220 ()¢5 () dx = 0.

Theorem 6.3. For 0,0’ > 0,
/ 26D (2)0D (2) dx = 3(2m) Y2 (00")2 /(0 + o')/2.

Remark: This form comes up in the analysis and calibration of the smoothing parameter
factorization version of Smoothed Cross-Validation, see Theorem 1 of Jones, Marron and
Park (1991).

Corollary 6.4.1.

/{xgb « oW (z) — 220 (2)}2 da = n=1/2{3(2)1/2 /16 — 4(6)/%/9 + 3/2}.

Remark: This form appears in the limiting distribution of Least Squares Cross-Validation,
see Theorem 3.1 in Park and Marron (1990).

APPENDIX: PROOFS

Notation and Preliminaries:
A rescaling of our convolution defined at (1.3), that is used by Rudin (1973), is

(f *r 9)(@) = (f % g)(x)/(2m)"/2. (A.L1)

This version of the convolution is cleaner and more convenient when dealing with Fourier
transforms, as done in these proofs, because fewer distracting factors of (27r)1/ 2 are needed

in the formulas. Rudin’s version of the Fourier transform of f is
FT(t) = (ZW)_I/Q/f(:c)e_itm dx. (A.1.2)

Note that
FTg(t) = ¢(t). (A.1.3)

By 7.1d and 7.4c of Rudin (1973) (using Rudin’s notation of D" =i~"(d" /dz")),

FTS0) (t) = FT pry(t) = i"t"FTE(t) = i"t"p(1), (A.1.4)
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and similarly, using 7.2a and 7.2d of Rudin (1973),

FT () = "t ETh(ot) = it e p(at) = i"t"e Ty (t) [0, (A.LD)

where we have used the identity

¢(at) = ¢{t/(1/0)}{1/(1/0)}(1/0) = ¢1/4(t) /0. (A.1.6)

A related useful result, which follows from 7.4c of Rudin (1973), from (A.1.5) (with r taken
there as 0) and by completing the square, is

FTR, () = (=i 1) (d"/dt")e " (at) = i (d" [dt")p(ot + ipfo)e /277,

©)

Hence by (A.1.6) and (2.7)

FT%, (_p(t) =i"e /@) (t+ipfo?) fo

e (A.1.7)
=(—io) e /P H, (ot + ip)o)p(ot + ip)o).

A closely related fact, which uses (A.1.5), is

FT"

sy (B = (ST e G (o)} = 0T ([t {t e Gy (1)} o

(A.1.8)
Proof of Theorem 3.
Using Nishimoto’s (1984) definition of a fractional derivative (Definition 1),

0+

bo(z — p) = (2m1) " 'T(w + 1) / 0ot — ) dny

— o0

@
dxv

> 1\ (y 0.
= (o) 20i0) 30 CR D [ ket ogiiat - n + 1 02 (20

202)F S
k=0
- — )T (v +1 t—p\ "
=doe =1 r(u(+ 1)— 2(k:)k!(2)02)k ( a2u) ' (A.1.9)

k=0
Using 3.1.1 of Nishimoto,
dl/

%FT?@) _ (27r)—1/2(_2-)v/xuf(m)e—ita: de.

Hence,
v N\ —V d”
BOX) = (n) =) [P Tl
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From the first part of (A.1.7) and (A.1.9) we obtain

a” 1 —p/(202 e (=D +1) t+ip\" " 2 k—
@FTig(l_#) (t) =0 € w/( )¢1/U(t+lu/0' ) 4 F(l/ +1-— 2k)k|2k 0—2 (]‘/U )
=0
Therefore,
dv Iy 1/ 2k 2k
FT Y(2
|:dt1/ bo (=) (1 >] Y ) Z y+1—2k: 12k

and the result follows.
Proof of Corollary 3.1.

This follows from Theorem 3, I'(—r) = oo for r a non-negative integer and (2.12).
Proof of Corollary 3.3.

Using integration by parts

|
26w — ) = (=) — [y (e — x.
Jaet = = 1 L[4 bola =) d

Corollary 3.3 now follows from Corollary 3.1.
Proof of Theorem 4.

Proof of Theorem 5.
First note that by 7.2¢ of Rudin (1973), by (A.1.5), and by Corollary 4.2,
R
FLo00( Zpyen ¢§f,’><-—u'><t)
R R
=FT (T)( )( )FT¢(T')(._M/)(t)
= T e G (6100 (1) (007)
_ (27_(_)—1/2Z-r+r'tr+r'e—it(ﬂ+ﬂl)¢(02+al2)_l/2 (t)/(02 + 012)1/2.
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But now using (A.1.5) the other way around,

FT"

1/2 R
(255:)( _N)*Rd)< )( —u! )( ) (27T) FT¢(T+T’) (t)

(02+0/2>1/2( —p—p)

Theorem 5 now follows from the Inversion Theorem 7.7¢ in Rudin (1973).

Proof of Corollary 5.2.
Using integration by substitution and the (skew) symmetry of (b(T/),

/gzﬁ(r)x— (x— dx—/¢(r) ¢(r (t+p—p')dt
1y [ i byt
—(—1)7 ) % 80 (- i),
So using Theorem 5,
/ 0 (x — ol @ — ) da = (<1) 605l — i),

Proof of Theorem 6.1.

/HQ(T?) — /Hgb(m
m m vt
— (_1)21»:1” (H01> /HH (U—“) 2m) =205 (1) bz (x) da

. :m [r1/2] [rm /2]
_ (_1)2 (27‘(’)1 m/2 (H —n—l) Z Z
= i1 =0 im =0

Hom] (2) /H<I‘ug> 2ij¢5($)dx

(Where [-] is the greatest integer function)

m [ri1/2] [rm /2] 71 —2i1 —2im
= 2m) 25 (1) (H _T1_1> Z Z Z Z
=1 11 =0 im=0 751=0 Im=0

x {ﬁ OF(2ik)<27;,kk> (T’“ ;;Zk) (uh fog )20 Jka‘“} 52 o (Z]g)
RSP IR O | (o

j1=0 Im=0k=1
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[(re—3r)/2]

S {(—1>ik0F<2¢k>(rk2;kj’“)<uk/a e 530 or (&)

ix=0
(27T 1 m/2 Z Z H {( ) —Tk—Jk— 1Hrk ]k('uk/ak)} ¢= 1JeOF (Z]é)
71=0 Im=0k=1
Proof of Theorem 6.2.
Set & = 2Y2, i = puy — po, & =272 and i = (1 + p2)/2. Then by Corollaries 4.2
and 3.1,

, [ dT+7“
[ 90 e = | [atota =) —
4 p1=p2=0
! [ d ~ k = |
= g 190 [ #oste -
a M 4 p1=p2=0
r4r’ I dr—l—r’ ~ Ik .oz
0| g (= i)
12 H1=p2=0
[ [k/2]
, dr—i—r k
R Frrra DI ( )OF<2J><ul+u2>’f 2
L ' pH1=p2=0
e P\ | drtreert
SR [—]
p= Op =0 /’Ll 2 Hl:,UQIO
o [k/2]
qrtp . k '
2%’“( ,)OF(?j)(,ul + pa2)F 2 (A.1.10)
dpfdply ; 2j
pH1=p2=0
Repeated application of (2.6) shows that for r + ' = p + p’ (mod 2),
drtr'orr' ~ ! /2 ! '+2)/2,_—1/2 / /
e 0o ) = (1) 29 2 A RO ().
:ul /’L2 1 =p2=0

By expansion we obtain

dqp+o’
dpfdply

. Y I L. _ 9

(1 + po)*=2 = {(p+p). pEp } k=2
0 otherwise.

p1=p2=0

Hence, for p+ p’ = k (mod 2),

r [k/2]
qrtp . k '
> 2J_k( ) OF (2j)(p1 + p2)*~ ¥
duy d/~L2 §=0 2J

p1=p2=0
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k—p—p
Combining these, (A.1.10) becomes

!/
1\ —r42k) /20— (' +r+k+2)/2_—1/2 YT ) (- 20F .
( 1) 2 4 ZZ(p7p/)€A< )( />( ) O (T+7’ p p)

P/ \p

, k
_ o—(p+p —k)/2< >OF(k —p—=p)p+p)

< (b JOFG=p =)o+

:(_1)(r’—r—|—2k:)/22—(T'+T+k+2)/2ﬂ-—1/2k!
r\ /1 L o OF(r+1"—p—17p')
X _1\(p=p)/29(p+p")/2
Zz(p,p’)eA (p) (p’>( ) {(k—=p—p)/2}!

as required.
Proof of Theorem 6.3.
By (2.7),

oD (x) = —xpo(x) /0, ¢ (@) = —wdor (2) /0",
Hence by Corollary 4.3,
¢ ()00 (x) = (00") 222G (0) oot o ().

By Corollary 3.2,

/ 2260 (2)¢) (z) dz =(00") ¢, (0) (00" /o*)*OF (2)

:3(271')_1/2(0'0'/)2/(0'2—|—0'/2)5/2.
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