1 Badgoud

T his dgpter rmiens ae of the mostwidespreed uses ohwaekss in statistics

nonlinear naparanetric regessan. Simpke irsigtinto the uti ity and poner
of the waeket gppraach aomes fran a disaete spectral analysis pantobvien

Same of tre idess hare are the same as sane introduad in Chepterl, butthe
din eratvienpantis intaded togve additical irsigts.

11 SpecralA ralsis

S pectral methocs for aune estimatian are basad an “spectval decompasitias”
ofhvectas in <. T heseinvohe a“ttasfaomatiat’, i.e adage badraait
besis ofF<'. Sudh trarsfamatias aan provide very ponerful and uselul new
ways towakwth gven sets ohvedors.  Fareampke vadtors thatare asum
ofaBwsinedds are e etively sunmmarized (and thus studied in many ways)
by dangng to the Faurer athoxamal besis. W aekts are simply viened
as another sudh arthanamal basis, whose good praperties are shonn in this
dhepter:

T he mathematics of disarete spectral anabysis starts with 1A | ;A g, an
abitrary athanamal besis of <, i.e
” 0 ifiei°
Ahe= | ifi=io @

T he spectral ripresartation ofavectar® 2 <'isde.ned as

X1 ~ -
L= HidAjoi; T=1;:5N; @
o=
vhere A jo; is the i-th enry of A ;o and where the aoet dais o are gven by
the inner praducts

Hio=1"A0; €)

whidh gve the lagths of the projection of 1 in the directian of Ao The
a=C¢ daits G be adllcted inob avector g = @ ;:::;pn)t whidh is calld the
“trarstom” of 1 . U selul intuitian aomes fram thinking of 1 as a “‘rotatian in
< (anly an gpprodmatian, since othertrarsfomatians sudh s minarimagss
are abo athaamal).

T he partiauler rotatian ofthis tpe called the “disaete Faurer T rarsfam”
hes been aworkdharse todl espedally in ..elds whaere the study of periadidties
and fraquendes are impartantt;, perhgps mastnoticeebly inelbctrical engnesying
T his is becase the Faurer rotatiaon ohvedars is partiaubrly adgotat revealing
tharfraquaoy stuciure.  In statistics the best knoan use of this rotation of
data \ectars is the Faurer analysis oftime saxvies. SeeB lbon.ed (U 76 Tara
\ary reedebke acoount

A potatially axiising agpect of spectral arabysis is that it an often be
viened bath “disaetely’, intems ofadinary vectors in<, and “‘aontinuasly’



whare the ‘“vedtars” are fundtias in asutebEH ibertspace. T he toare tp

ically related 1 eedh other because summatian (the gperatian underbing the
disaete imer produd) is relaied © integation (the goaratian underbhing the
antiruas inner proouc) thrauch R iemam intlegration. H onevey; athanar

malty ad the prgperties Tolloning fram it are eact in bath ariexts. For
eanpk inthe Faurerbasis the Bmillarsin and as vwases are artthagoal as
Tunctias (With respact o the integral inner praduct), butako as vedtors When
ewalLated atgpprapriate equally spaced grids (With respecttosummatian). T he
distinctias betnem these paralEl thearies is oftan bluned, becase ofF the o

prodamatian. 0 nly the disaete theary is studied in this dgpter; with cccssiaal
reference macke 1o the aotinuas theary whare itadds insigit

1.2 N anirear mMaparanetric regressian

A n impartant statistical gpplication of spectral anabysis is 1O naparanetric
ragessian. H ere ae maoek adatavedores

Y=1+-l.

where 1 is sane “‘smootty” underlving meen (i.e “sigal’) vedor; and ""is a
radon “nase’ veotor (essumed o hae meen (0, whidh resulls inE (¢ )=12).
0 rthogoal trarstamatian allons recssting the pradblem ofusingY o esti-
mate 1, into thatofusing the larsfom oY o estimate the rarstam of 1,
t
whidheanoftenbemuchsimpkr: L etf = § ;2558 danote the trarsforma
tion ofthe data Whare the “empirical aoet daits” are
fio=Y Ao )
which are ubissad estimates of tre g the trarsfom aoetC dants of + fran
(2). { further impartant property of the rolation aspect of an arthahamal
trarstamatian is thatwhen the enars are indgpendant and honcsoadsstic the
“spharical’ coariance structure of fi is the same as that of Y .
Faragood dhdae ofbesis, mostofthe “ponerof1” (auselull aonaptfran
signal praasssing), whidh is aanveniently quanti..ed as asum of soueres,

X X

P. = 1i2= Mi

1=l =l

(\Where the bsteqality TOllons by the P arseval iderttits), will be “aotained in
afew ofthey;. Inthis g areesaebk rmoostrudion ofte “sigal’ + an
be dotaind fran e dataY by inerting the trarsfom, but tsing anly the
“impartant’ coet dats

X

KH= fid; =115 ®)
i2s

(sanetimes gaped ino tte vector b = B ;:::;Qf) whare S is sane set
of “high poner ccet dats”. ITthe setS is small but at the same time the
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restricied po/\erp ios pfo is a e fiadtiaon of P 1, the estimatorwill be very
aative sinee mostoftte poner (i.e anpaaitofthe sum ofsguares) ofthe
ndse wll be aatained in tems that do not gppearin BB whidh will tis be
eliminated.

FIt URE L. L eftparel Nn= 1024 simulbted data pdrits, usingt assian white
ndse R igtP anel Faunerbasis noparametric regressian estimate, Lsing
hard thresholding

T hisprindpkisdanastrated inFigarel. T he Eftpanel shons asimulated
datavectorY , vwhidh wes ganevatied by adding homosaedsstic ¢ aussian nase
tasmaoth uderbingmeaen vectar: . T he rightpanel shons asigal reoery
(i.e anagparanetric regession estimate), B wsing the Faunerbesis, where the
setS ofaet datts wes diosen usingthe*“U niversall ardd T hresholding” methad
disassad in Sectian 3 of Chepterl. W hiEtedalavedtorY anly suggessts a
singke pariadic ampaat; note that b suggssts the underingmean aune hes
o periadicampaats, whidh is in et the actual structure ofthis underlying
1_ T his ilLstrates the potential poner of the idea of rotating the data vectar
inaceiilly dosen directian, and then wsing justa Bwvaoet dats todampen
ndseinsigal moary i.e naoparametric riegressian.

T his nase dampinger ecthes asimple uselul quanti...cation when thre enars
are unarelbled and hancsaadsstic |n thatk eee the aarace varianee is

X %2
N var@)=—_# 6 ©
1=l

whidhis smallervwenS hes eaermeambers. 0 ntheotherhand smallerS mears

more aerace souared biss:

A !
X X i X
n'  ERiILY=n! pS=ni' P.j wd : @
1=l i®s i2S

T his shons that thesize ofS warks as a“smoothingparameter” in terms ofan
tdling the usual trace o betnean variance (Wnidh guantitatss “Wghiness™”)
and squared biss (\Whidh quantitates “goodness of . €). A Bg the spectral §pe
estimator b will be most e ective when there is asmall setS wWhidh aaitairs
maost of the poner of the sigal and when that set can be gppradmately iden
1.ed. | e the paattial good pafomance of bis inked O anagpts of“‘sigal
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ampressiat’. A n eample of this is when the Faurier T rarsfom is gpplied
with asmooth ad pericdicudahingsigal 1, adS is asstof bwvfirequacy
tams, as donninFguare l. H onever; when the underling reagression fundian
1 ad the basis aresudh that‘ponerofthe signalis spreed aacss the spectrum”
(eg theFaurerttarstam ofarough, gperiadicsigal), meeningmastofP . is
shared by many oftte |J;, therewill notbe agood ddae of S, ad this tpe of
estimatorwi ll notperfom well  Figare 2 shons an extrame eamplke of this.

-

FIt URE2. L eftparel Nn= 1024 simulbted data pdrits, usingt assian white
ndse R igtP anel Faunerbasis noparametric regressian estimate, Lsing
hard thresholding

T hedatain the Efttpanel ofFigure 2 are again simulaied with indgpendant
6 asslanndse. Itis vsually dear that the underbingsigal *+ hes o lrce
Jjumps. T he Faurer besis doss a poar jdo of aonpressing sudh asigdl (i.e
the poner of the sigal is spreed alll aacss the spectrum), whidh hes a serias
necative impactan the naoparametric ragression estimate 5 shoan inthe ngic
parel || ote ttatatmany locatias thewighiiness ofbis visually alnastes brge
as tte ange oftte datla T his is espadally trte near the jJump parits, where
“nngng’ eads ie § ibbs phenonaa are qute noticebke. Furthermare
bacause the Faunerbasis is anaoth, the aisp jumps become smaothed. 0 ther
daas ofthesetS, resultin atherinaessaed inging areke inaeesad raunding
ofte junps. Thedda ofS used hareis (es in Figure 1) theU nivarsali ad
T hreshadding methad disassad in Section 3 of Chepterl.

0 nemay wadarwhy the estimator b is called “naonfinesr”, since the riepre
saitatias (6) ad (4) sugssttatitis a ineerfincion ofthe datavectarY .
T hedstindian is in e dadce ofttesetS. W hen S is dhosan indgpadatly
oftre dalg eg wWhen wsing the Faurier basis with justa set of low fiecuency
tams, tenbisalnarestimatar: H onever; whenS is diosenas samefuncian
oftredatay , eg accading tovarias tpes ofthresholding rukss as inSectian
3 ofChgpterl, then bis (pahges mildly) nolinear:

2 TheW acktB asss

T he eatament that hes sunaundad the develppment ofwaneket besss ames
fian thar surprisingly goad sigal ampressian of a wide new range of sigal
B/pes.



21 W aektFudbementals

T heFaunerbesis is er ectiivewhen sigak are*“spatially homagenaeas”, meaning
the anantofsnaottress is raughly the same in dicerat bcatias. A setof
bases whidh can be e ective When the smootthress is nothaonageas are the
wacekt besss. Sane waekt besss are good at aampressing smaoth sigak

as well s thoe that are “sanennat ursmooth in some bcatias”, sudh as the
step Tunction underbing Figare 2. T his is acoomplished by having beasis vectors
whidh are smaoth, butalbw“ balizatian in tme’, as well as in firiecuaoy.

A swith Faurertheary;, waekts have cdosely paralEl disaete and aatiruos
thaaies whidh are aanected by R ienmann summatian. A gain, the disaete case
is treated hare althaugh sanetimes itis uselul o think in terms of antinuals
Tunctias ealaied at X ;:25>¢, equally spaced an the unitinteral e g > =
i=n. T he presentatian is simplkestbwhan nis aponerof?, sothatwi llbe essumed
throughaut this section.

A god starting pant for udarstanding the spedal structure of waekt
beses is the H aarbeasis. Sane of these besis Tunctias are shonn in Figure 4
ofChepterl. A way ofagenizing these is shoan here in FHigare 3. T his besis
proides aoet dents i, aaveniently reindesed &6 | 1« Whidh gve both a*“scak’
(this isvaekEttemindayy thatshauld be viensed as asynaym o “frequancy”
by thase fami larwith Faurieranalysis) and a“ bacatiat” decompasiian of 1. A
anveniattindexforsakis j =0 ;5 by (F2) A tscake §, basis vectors essan
tially ccrsistcfdsjdntslqo TTnctios (thinking antiruasly Torthe mane),
indeed by k=10;:::;20 !, whose internak of suppatae the dyedic internakb
RiJ;+ 1 il O rthogoality with coarser scake besis vectors aomes fiam
making the step Tundian assume pasitive and necative valles thatare egual in
magiitude an the twohales ofthe suppart. Il are predsely (and novthinking
disaetely), using the vectornotatian

1@M=( ;Ziiil)t: 0 @M=¢( ;:::;0)t and( ()=1y;

de.ne
0 _.m 1
Ll j =2 211¢
~ iJ+ _
A % 3.1 2]+1 - E\ ? (8)
N 061)”1
3 - —
= N e - e A eeee N J -
orj =0;:lgp@il adk=0;:520 j1. Thetdorof £ makes

the botts ar B asis vadars with the same scak j are athagoal because

the norzao airies are disjant 0 rihagoality aacss frecpandes ollons ather

fian H’is dsjpnlrss o fran inner producss  resulling in a subvector of the

om _11 bang mulipied by aaostatvecta: Theen j 1 vedtas
1

togetherwith ) ) = na=21 @ fom an athaxamal besis of <7, whidh is

\isually represented in Figure 3.
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FI6 URE 3 T heH aarbesis, with “fathervectar” * ; and “mothervectars’
Aj;k. T heronvforscak j =3 is tothe Hdit T he pattern aotinues belov the
botton fTorscaks j =4;5;

T he Fest Faurer T rarsform wes aasidared 1o be a majar amputatianal
breskihrough, since italbns caloulatian of the N Faurer aoet derts with anly
0 (hlkogn) conputatias, irsteed of the 0 (7)) goeratias nesded for the do
vias naive anputatian wsing (4)- T he key is a vary cever reagenization of
the computatian, whidh makes heavy use of spadal properties ofF triggnametric
fuctias. T hel aar ae¢ dats ;< Gan ako be calubted \ery et dently by
cbver maganization, whidh twims aut 1o be both simplerand even Ester then
te T .

Insiditinto the st algyitm aones fron the reltiaship (Secian 22 of
Chepter 1 gwes another vay of Ibdkding at this) betineen the “mother besis
vectors” A ;4 fiom 8), and the “Bather besis vectors”

0 i ¢ 1
kn
szﬂ1:2 0 ¢
.j;k= F =31 ﬁl - g\;
0 nj &

torj =0 ;;:;l:gz(n)argk:O ;2 gl oetatoray, " 555" ) 20 g
and 5 A) A3 3E5A G 5126w SPEN thesamesubspace (essattially step Tunc
tias oerintenak of lEgth -5 ) of <. InSectian 22 of Chepterl, this sub
spae is daoled a6 Vj, . H e the “tip of the pyranid” shoan in Figure 3
(donn o ay gven ron) éan be repleced by a rowv of father besis vedars, 1o



yield another arthagoal besis. T he waekets abo have a “magni.. catian prgp
erty”’ in that (madulbb bbcatian) Hga*!ia:;,errybasism " jdet (Aj;kﬂ)
aresimple harizatal rescalings of ™ 4 (A 4 respectively), by atectarof2. T his
is why the index j is sad o index “s@ak’, even thaugh “fliequacy’ is akoa
wselul intEerpretation.

T he audal relatiaship betinean these is that the mother and fatherbesis
vectors at eech fiequacoy are asimpke Inear inction of fathervectarss at the
rnext higherfrequancy.

~ i ¢

Aj;sz%il'jﬂzki "irl2le g o)

'j;kz% “jriokt Tjrioker -
Sinceemacstofthevaektaet dets areof theinnerproductom pjac =14 ;4
they can be quid<ly dotained throuch an analbgas reaurision. For this de.ne
the Ether coeC aats T = 1t'j;k. A ppMNg innerpraducts 1o both sides of
bath equatias in ) gwes the same relatian betnean aoet dents

Llj;k=1@1§ GriokiGrize)
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fj;k=153 @12kt Tri2ie 1 - (10)

U sing these equatias iteratively oerscales, starting from thevalles Ty, gy =
1, Tork=1;:;n reuls in atestad smpk algxitm. A s e FFT pro

Mides a big improamaitoerthe naive implnattatian, this gppraadh toH aar
waekt dsaompasitian ako reducss the 0 (7)) matrix multiplcation illLstrated
inSectian 2.1 ofChepterl, bhan0 () alultian, tatis baoth sigitly Ester
ad abosimpberthen the FFT .

A nimporentature of this Inear tarssmation is thattitpresernes poner
ateechstp intresesethat 15, + 1, = 2, + 2, .4 location
of sigal poner is the key 1© udastanding the weeluhesss of waekt tas
fomsingraal InthisH aar ese the trarsfomatian handies the ponerof
“aostantvedors” by putting itatirely into the father coet dent at the next
bnerfrecuency (this is an “asragng qoeratiat’), with al antribution o the
waekt et dat ;i (this is a*“dicerandng goeratiat”). H ence the mother
basis proides vary e ective ampressian of step Tunctias (sine there are mary
zexo ae¢ dats), and usually willl be er ective Torestimating them.

T heH aaxrbesis is dften notgood at aampressing sigak thatare smooth, a6
shonnin the Eftpanal ofFigare 4, whidh usss the datafiom Figurel. T he result
does not lbd<mudch ke thesum oftnosinusads, alithough theessatial structure
is reowered. Sinee thel aarbesis is asetofstep Tunctias, signal ampressian
is mudh better Tor the step Tuncion data from Fgure 2, as shonn in the Eft
parel of Figuare 4. H ere the sigal rmoary is exellant (agan the U niversal
H ard T hreshod method wes used o docse the sektS of aoet das). | ole
that the bdaiarofthe naparanetiic regessan estimate is ratherdic erentat
thetojunps. T hejump an the ridgtis atthe dyedicparntx= %, adtdris
aery ckben jump (becaLse this ature is well desaribed by asingeH aarbesis
ebmat). The junp an the Eftis at the very nondyedic pdnex = 1, whidh



involes a nonzerol aar ae¢dattateadh scake T he enmoretalled by the
estimatian of all ofF these gves the sigitly raugher e ect nearthis jump.

FI6 UR E 4. H aarbeasis naparametric regression estimaties, using hard
threshadding Torthe datain L eftparet the Eftpanal ofFFigae 1, Ridit
Parel te Eftparel ofFigae?2.

W arektbsesss with “smoother” besis functias are mudh maore uselul for re
aowaringsmaoth sigek. T hese hae astructure vary similarto el aarbesis
in particulrsharing the same indexding systam, the “mother- Bther” reltiar
ships, the magni..cation property and analbgos Bst iterative algxittims or
aomputatian (with the same “pyramid structiure”). D evelgppmeant of sudh beses
hes been fairly raaent, paerhgps bacase (in the aattinuous daman) arthanar
mal beses of aampactly supparted Tundias edst, but unfortunatiely have no
csed fom, and indesd seam o be smootthed versias of freadtaks, see Figure 1
of Chepterl.

¢ enaralization of the Bst algaitm o the H aar basis 1O smaother besis
Tunctias llons filom witing the reltiaships betnween et dants ofdic erait
scaks in tems of qperators.

Hj =@ 2000 2s §.1) .
F=¢20M=p §:1)°
where the aoet dents of sk j have been aambined intovectors as
0 1 0 1
Mi Li
=0 : A:§= : A:
Hj2i i1 Ti2ia

where & 2o)ad ¢ 2,) daoies the even and add “dedmation gperatrof ader
2”7, wvidh ae“earyotberary’, i. e Torm =1;2;:x:

0 1 0 1
0 1 x 0 1
% x % x
* LA e LA
€2 . £=0 : A€y . £=0 : A;
>om ;2 >Xmi2 >om 52 >Xm !

>%m i1 *Xmjt



whare i 3 denoites a““badk padded” draular... lierqoeratian
1 0 1 0 P !

0
a
5 . Ge, B gza _am. E;
s o atnt 1 b
ad @ ; danotes a“frattpadoed”’ araukar .. Her qperatian
0 .. 1

P
1 0 b 1 P- i:lozabni\+1+i+ai1b

0
F - = : -

a1 Bn a1 P-., °
! ! |:lolabni‘+i

and where the “b pass ... liervector”, wnidh averagss aoet dats, thus passing

the ponerofaarstants (i.e the bwviisouency ampaatofthe sum ofsguares)
inotefj is

ad the “hi pess .. klervector”, whidh diz erencess aoet dats, thus passing the
poner of the residusak ebaut the meen (i.e. the high freopenoy ampaant of
the sum ofsguares) iNto the Y. Is

T here are othervways 1o fomulate these qperatias, but this particulbrfam is
dosen tomake the aoet dats aorrespad well 1o the Iocation sugpested by the
indicss.

Smootherwaekt besss are dotained by dever ddass of tre .. lervedtars
b ad hi. The key to mae snaotihress is mad.. cation of the bw pass .. ler
1o pass polyaniak ofa aartain degree (el aar .. les ae tte dagee( o).
T his eta bk .. lier vectars of Bgth mae then tv\g which ettalk mare am-
plicated athagoality aditias. T he shatest.. lervectors whidh mest these
requiremants gwe the D abaties” fmily seeTabk Gl ofD abaties (1992)
fornumericalalues of the acet dats of b= ( ;=53 h 5 JF (Where the symbal
his used Tor arsistaxcy with D aubediies (1992)). T hese basis Tunctias are
ilistrated in Figure 1 of Chepter'l. | axoer.. lervedars albbwbeses thatcan
satisfy additical recuiremats. Fareanpk siditly bhnger . lenvectars allov
ae degree of fresdom thatt can be used 1 make the resulting besis fTunctias
“&8 symmetric as passibE’. T his results in the fmily of ... ler vectors whose
ax=t adaits aledn Tabk G3 of D aubathies (1992) , butthe t=bke vales must
bedvidd by 2 togwe an athaxamal basis. The “SymmEt8” (N =8 in



D aubethies” natatian) besis is shoan in Figare 5, ad its uselubhess for non
parametric regressian is demastrated in Figure 6

0 nly the bwpsass aet datts are gven in D aubaedhies” tebkes, because the
hich pess cet derts, hi = @ ;59 51 ) aesimply relaied a5

a=GDhy i i=0503" 1l

Insigt into the inarsian of the waeket trarstaim ames fian realizing that
itis just a matrix multipicatian by an athahamal matrix (al earversian
of this matrix is shonn in Sectian 2.1 of Chepter 1). H exe the inverse is
mulipicatian by the transpae matrix. P Iots of besis nctias are essy O
astructby alulling the inarse trarsfaom ofunitvectas (i. e vectas with
asingke!, and all otheratries (), which are the trarskams of the basis vedors).

li/}i/v Y1 Yoo Y23
13,0 y%/a,l yﬁ,z Yals ys,jt

H6 URES: SynmEt8 waeketbesis, with “BEthernedtas” ™,y ,...," ;3 ad
“mothenectars’ A4, J .. 2. 4 sTorttel aarbasis e roviorsak j =3 is
incmpkete with panek Tork=5;6 ;7 ttuncated an the rigtside. T he pattemn

antirues below the batton Torsaks j =4;5;:

A N aganization of the SynmEt8 besis is gven in Figure 5. T he lyaut
is the same as Figure 3 exapt nov irsteed of a singke T bvel father besis
ebment " ; the pyramid algartm wes stopped at el j = 2, resulting in
the fourfatherbesis ebemats * ;1507 , 5. Figure 5 sugests where the neme
“wackt’ ame fran. | ole that these basis elamatts gvwe the impressian of
bang”’small pieass ochnaes’. B utthey have spedal properties, sudh as athagy
agalty ad snaothness, that cannot be armived at by simply trying 1o “slice
W’ the sinusdds that make up the Faurierbeasis.
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A nagessibke intraductian, from adic erabvienpant;, tomare bssicvaeket
idees canbefourdinStrang(1989) . A good source fordegperreeding inclding
historical releranass, is B enecettoand Fadier (1994) . T his bodk gves agoad
oerniewvofaattinuas waektiokdaeinSedtian 1, and areedebk presaitatiaon
of broeder and dagper agpects of disaete waekts in Sectian 2. T he Tolloning
dheptars asEidermany impatant\aratias ohwaekt idess.

22 W hyW aeckEts?

A aaomman questian is “why shaud ae e the waekt ttarstam, when the
Faurier rarstam hes been sudh a wselul wokharse? T he amswer is that
waekt besss albbw surprisingly good signal aonpressian of avery wide range
ofsigak. This pantis illstrated in Figure 6 where the Synmkt8 besis
shonn in Figure 5, is usad 1o dadse the same tho dala sets a5 usd in the

FIt UR E 6 SymmEt8 basis naparametiic ragression estimaties, using hard
threshadding Torthe datain L eftparet the Eftpanal ofFFigare 1, Ridit
Parel te Eftparel ofFigae?2.

I ote that using this besis, the sigal rmowary is ecelt for both of these
datasets. In aarast, the Faurer basis gae exelint reowery of the smaoth
sinusddal target, butvery poarperfomance Tarthe step target, whi B thel aar
basis cae et reowaery of the step target, but poor rmoery of the si-
nusadal arget T he key O undarstanding this is “signal aampressiat’. T he
Faurierbasis represarts the sinusad with very ewaoet dents, butnsscs many
TortestEep. Thel aar rpresats the step with v aoet dents but nescs
many Torthe sinusdd. T he ponerand elsgance of smooth waeket beses, sudh
as the SymmEt8 aomes fran baing ablke to ripresantioth tpes ofsigak inan
et dattmaner: T his is the resson Torthe edtEmant thathses sunaunded the
develpmattohvwaeketbeses.

I'tis natural 1o expect that these impressive properties ohwaekEts ame at
sane prica. P ethgps the mostserias donrside tovaekss is thatbecause they
are fedbkin bath the ime and frecpency directia s, they are rather sparse in
each direciion. Fareanpk note that the numberof “fraquendes” represaied
is anly Iog, N Tor e wvasekt basss, vihike itis =2 tor the Fourerbesis. T he
besis is abko sparse in the time directian, as ssen by Noting that the peaks in
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1heA2;k rawvofFguare 5 gopearin anly Tour rather spedal bcatias. A sigal
with pesks thathave asimi brshepe  but din erat locatian may notbe sowell
aompressed by this besis.

T hare are methocs Toraddressing these and otherdi ¢ aulies, althauch they
allanmeatsaneast Il any ofthese tednigues, sudh as “wacektframes’, are
disassad in B anedetto and Fazier (1994). A n gppraach o the locatiaon spar
sity prdblam is the “nodedmated”’” waeket trarstam (albo calld “statiaary/’
and “shifted”) disassed inll asan, Sgpatines and Sancza ko (1997) , wnidncan
be viened s the set of all shifts of the waekt besis, ad is essi ly aomputed
by eiminating the dadmation qparatars ¢ 2) ad ¢ 2.) fian the vwasekt
algxitm disaussed aboe.

T he alreedy e Iarature an vvaeket naparametiic riegressian is Noksur
vayad here butavery Bwsugessted next relerancs areD adoad Jdrstaoe
(1995) andD axdg Jdrstaoe Kerkyedarian adP icad (1995). Sesll amon
A dak Jdrstoe | euaman ad Patil (1998) for an “exdct risk’ analysis of
wacektbasss wWhidh providss a dic erantvienparnt an sane of these idess.

A d<onkedoementl T he aganizatiaon of e waektidess usd here mostly
came fran an informal presentation by D add D axdo attte 0 kernoliech mest
ing “Cunes, Imagss and !l assive Canputatiai’ in 199 3. Sidney R esnidkad
P eteril weller macke a number of helpful comments.
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