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A bstract

A methad Tor eplaing the structure of papultias of aamplkex d>
jects, such as imagess, is aasidared. T he dojects are summarized by
aturevectors. T he statistical badkdbare is P rindpal Canpanatth naly
sis in the space offeature vectors. V isual insigts aame firan represaiting
te reaults in the aignal dala spae.  In an gphthalnolbgacal exan-
pk edamic autliers motivate the develppmeant of a baundaed infuence
Fopraach P C! .



1 Intoductian

T he“atoms” oftraditical statistical analyses are numbers arperhgps vediors.
B utarnumberofdata sets, fram diverse aress ofsdaxe provide motivatian or
cereralizing the notion of the aton of the statistical analysis 1O more geral
data tpes. R ansay and Sibheman (199 7) hae anad the term “nctical’
orsudh dala T hat managreph aattains awice anvay of exampks, and ako
makes a good starton the develpmeant of statistical methacs Tortharanalysis.

W hilethis tpe ofmawstatistical analysis makes use ofdlessical multiveriate
analysis methaods, sudh as P indpal Canpaaith nalsls substantial adspta
tion and new develkpmentis typically needed.  Foreampke when the atans
ofthe analsis are “ainess”, e g logtudinal dala they an tpically be eF
Fctively dgtized tovectas. H onever dessical methacs make ke use of the
“amoothness” thatis presaitin many dalasets. H ence they are poardy suited
Toraalysis insudh esss. 0 ne reesm is thatt the needed coariance matricss
are singulr;, anearly so A saood reesn s that diessical statistical methaods
1ad to be ponerful in an “annibus” way, and thus tad 1o tracke anay poner
in the partaulbardiredias thatare moe impartantor- finctical data analysis
(eg indredias anespading 1o "smoottness”) . SeeFenand L in (1998)
Torinteresting disassian ofthis pant; and same uselul hypothesis testing idess
in ndticnal data anallytic aantexts.

T his pgperarsidars the statistical analysis ofdata tpes thatgobeyad the
idea of “aines as dale’, thatwss the Toaus of R amsay and Siharman (199 7),
into mae anplicied data stuctures. Thare are o main pants. T he

st is that amplicated data tpes caan be e ectively handlied and analyzed
through summarizing them in terms of “fature vectors”. T he saaod is that
rdoust methods are vary uselul and are perhgps mare impartantin Oncticnal
situatias then in diessical aes, since there tad o be mare ways Torautliers
1o impactvery high dmeasiaal statistical analyses.

T he molivating example usad in this pgperaames fran cphtthalimalogy. A N
impartant ampaaent of the human sual systam is the shepe of the autside
surfce of the ameg, the auter surbeae of the ee. T he shgpe of this surfece
is respasible Tor35% of the refiaction that results in an image foasad an
the retinan. Cameal tpayephy messuremeantinstrtumentts sudh as the Keratran
(0 ptikan 2000, R ame) tpically use colar-aoded maps todisply anteriaraamneal
shepe infomatian in two dmesias. A uselull anvertian is the mgpping of
radial awneature that depicts lbw aunature ss bllg then geen yelbwy aangg
and red es the aunatLre inaeeses.
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Figure 1.1: Two comeal imags shoning redal aunature. T he Eftshons

rebt\ely astntanatie. T he nditshons more aunature near te aaréer,
and a marked \ertical astignatism.

Two such imagss are shoan in Figare 1.1. T hese show o Eatures often
seeninpoultias ofacamess. T he..isthes By aastaitanature (shoan by
rearly aonstantaokr), wWhi e the seaod hes avertical orange barnd. represanting
astignatism with a\ertical axis.

T his tpe ofimage providss a uselul dagostictool  Fareampk Figure
1.2 shons a aunature mgp fram a patientwith the diseese of keratoaaLs, in
which the comea gons into a highly auned aone shepe
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Figure 1 2: R adial aunature ofa omeawt Kerateaos. T he red iegan
is a are of hidh aunature.

In this pgper; we study this type of data from a pqoulatian venpart i.e
the atoms of auranalysis are sudh images. W hie the exampke is quite spedal
ized we believe the methodology develgped will be uselul Torawide variety of
papultias ofimages, and other amplex dojects.

INnSectian 2 we disass e ective summalrizatian ofeaedh data pdntinto“ea
e veciors’, by .. ting the 7 emike arthaogmal besis © eedh.  In Section 3
P rindpal Canpananth nabysis is used 1o understand the structure ofapqula
tion ofnomal axness. T he anabysis is actually dore in the “Eature spacs” of
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. emilkevectors butthe results are vienad in the “data spacs” of aurature im-
ags, sinethisisvwherevisualinsigits aregained. T his ideaswas independantly
develped by Cooles, H ill Taybxrand/ slamn (199 3) and Kelanen, Szaely ad
¢ erig (199 7). Instatistics related methods are often used in “shepe analysis”,
seeD ryden andll ardia (199 8).

Inssdtian 3itisseentatthisP C  reveak severaldinially intuirtive aspects
ofthe paoulatian. B uta disturbing Fature ofthe anabysis is thatitis e ected
by autliers, causad by sane ofFthe images having same missing regas. T hese
autliers motivate a raoustbaundaed it uence gppraadn 1P Ch .

T he..iststp in dowstP G is ..nding the aatterpant of the papulatian.
A suitebke rdbust estimate of “caiter” is develpad in Sectian 4, whidh is a
madi..catian ofthestandardl ! |l -estimate. R doustestimates based an auseil
sunacaie orthe cvariance matrix are then develpad in Secian 5. Standard
rdoust estimates of the TUll wariancee matnix are usekss hare (and we eect
this same di¢ aulty tboaurin many othenvery hich dmeansianal arntexts) since
the rumber of data parnis is Ess then the dmasiaalty, W e oeraome this
prdolEm wsing “Spherical P indpal Canpaanth nalsis’, whidh is a rdoust
versian of PG thatis antidpated 1o be braedly uselul - Finally due o the
spadal nature ofthese datg asimpe extarsian is made 1o “Eliptical P rindpal
Canpaath nalsis’. D eta b ofthel emike dacompasiicn aregveninSectian
6

2 R eduction by! emike D ecompasiian

T he..istdallbcein the analysis of the ameal imace datais that the ravdata
areinthetom ofup 6 12 messuremants atapobrgid ofbcatias. Clssical
multivaxiatie analysis an these vedtors is numerically intractebk, because oftheir
e size and because they aontain many redundandes and near redundandes.

T he prdblEm of reduding data of this type 1 mae manegeebke “Eature
veoors” is fami lartothe .. ed ofstatistical pattern reaogitian, sseeg D eviper
andKittker(1982). A ne ective summarization ofanimage ofthe tpeinFigure
1, irmo a fature vector; is the vector of the aoet dats of a bsstsquares . tof
the! emike athagoal besis.

T his tnodmasiaal basis is supparted on the disk ad is atasorproduct
of the Faurier basis in the angular directian, and a spedal Jaghi basis in the
radialdirecion. T heJaai besis is vary carellilly dosen o asad singubrities
atthe aign. T his basis is standad in gptics and is well suited tosummarizing
gtical quantities sudh as pherical anature ad sstignatism. Il athematical
detak are disassed in Sectian 6

T he resullts of7 emilke Bature vectorsummarization, Tarthe images offFigure
1.1, sswellass saveral othars aredonninFigare2.1. T hereis sane ks in this
Bpe ofimage ampressicn, but itis reltively small ad mae important the
missing featurss are notofdinial interesst
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Foure 2.1: 7 emike rmarstructias of same nomal comea images.

I extwe study a pgoulatian of n = 43 nomal aamneal images, whidh were
dotained vhi e saeening patients Tor sersurgery. T heimages honninFigure
2.1 areasubset dhosen o ripresentihe mastimportanteatures. | oethatthe
ravaunatureimagess from Figurel 1 nonvgppear“ancothed’. T hisis thesame
a ectthatis doserved when adig tized smooth aune is Fauerttarsformed, ad
then the transtam is inverted uising anly the bowfrecpency acetdents. T he
main features are still presant, but the rough edgess have been smooithed anay
V arying degress of sstignatism are seen as \vartical bands of step aurature
in the T aater and right, the middke Eftad aarter; and the botton caier:
A notherEaturewidely doserved in namal aamess is the tendency tobe stegper
athernearthe T, ornearthe bottom, shonn oovaryingdagess inthe &t Eft
and gt midde rigitand botton gt A nother feature extrane aunature
caused by missing data in the images” peripheries, are the red and ble regas
ofexttamneaunature. T hese are the resuls ofartiects, sudh as eyelids blbdding
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the imaging device (the extantofthe missing data foreadh is honan by the thin
white Inss). T he missing data hes a sevias impactan the emike .. € whidh
is retected by these regas ofhich aunature. T hese eoects are seen o hae
an importantimpactan the analysis of Sectian 3.

T he di¢ aulty of develping an intuitive undarstanding of the oerall struc
ture of the populatiaon by viening a colllection of aoloraoded maps is daman
strated by these nineimages. T he dallenge is overvhelningwhen all43 imagess
areinduded. T hisanbessenbyvieninganll PE move ofall 43 ada bk
fram theweb pagehtip:/ / \vwawwuncedl depte statistics postsaipt pepars manay amea
rdoust, inthe..Enomwmpg T he ressan is simply that there is too mudh
infomation presat;, and this infamatian is presated in avisual fom thatthe
human paaptual systam is notabk to e ecively amprehend.

3 O rdinaxy P nndpal Canpaaits A ralsis

PCl @an proice an e ective solition 1 this auite greral prablen of un
dastanding the structure of amplkex paqoulatias. Clkess@alP Gl seds ae
dmasiaal “directias of geatestvariabi ity/’, by studying projectias of the
cata ato direcion vedors starting at the sampe mean. T he variance ofthese
proectias is maximized in the directian of the .. Istagenvedor (i.e the ae
with the lExgsst aonespading agenvalle) of the samp e covaiance matrix. A
simpk eanpk is shonn in Figare 3.1. H ere the data is asimple tno dmen
sicnal pant cboud where eech pdntis represaitied byadrcde PG an be
viened as “decompasing the pantdoud” into piecss Whidh reveal the structure
oftrepapultion. InFgure 3.1 itis aantered atthe samplke meen, where the tho
inss mest T he heavier ine shons the . iIstdirection ofgeatestvariability i.e
the direction ofthe .. Istaganvectar ofFthe aariance matrix. T he thinner ine
shons the direction ofgrestiesstariabi ity in the subspace thatis the athogoal
anpkEnait (oival in tis eampk sine that subspace is ae dmasaal
but athernise Tound va the dgenvectorwith ssecod lergsstagenvalle).  Eadh
data pdntis projected ato the thid< ine togetits “.. istprindpal companent’,
shonn as athidk+ , ad is projected ato the thin ire to getits “sscad prin
dpal ampaaett’, shonnas athin+ . In eadh Gee the prindpal ampaatts
g\e a patiabr ae dmasiaal viewofthe dala. A n impartant praperty of
PCh isthatitalbns ..ndingintaresting bwdmersianal riepresattatias ofthe
data
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Figure 3.1: Twodmasiacaleampk ilbstatingP Ci . Firstageector

drection (and prgectias of te dal) shonn with a thidk ine (hidk pLsses).

Seand eigenvecior direction (and prgjectias of e date) shonn with a tin
ine (thin pLssss).

Far gpplicatian in functical data aatiexts te key is bdotte PG “in
the feature pa’ (i.e an the Eature vedors), butthen o AN insids “inthe
data spac’. Faraunes as data R amsay and Sibherman (199 7) were suaasssiul
with oerling the aines that riepresateech datlapant TheP G directias
are e ectively dsplayed by projecting eech data pantaio the eiganvectar; ad
then represaniting eedh prgjected pdntagain ss aaune. T he Bmily of aunes
then diearly displys the intuitive meaning ofthe aampaentohariabi ity that
is represenied by thateigadiredtion. A simulaied exampk of the en ectivaness
of this tpe ohvisual represaritatian is gven in Figure 32.
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Figure 3.2: “Curwes as date’ eampk ilbsttatingP Ch . Firstronvshons
resuls of “reEntering’. Second rowshons strongestamponeritofveariaa Ity
T hird rowwshons saaond mastimporantaompanent

T he upper Eft pbt shons a simulated fmily of randon aines tat is
asidasd hare 1 be a pgultion whase structure is 1 be analyzed. T his
tpe of visual represattation of hich dmeasiaal data wes termed “paralEl
aoadinates” by Inssbearg (1985) and W egman (1990), who prapased it as a
gereral purpae device Taor the visualization ofF hich dmersiaal data (i.e of
pantdouds in hich dmeasical spae). T he next pbbtto the rigitshons the
samp ke mean ofthis paoulation (i.e. ofthis pantcloud). Sinae themultiveriate
mean is calulbied coodinate wise this is smply the coodinate wise mean of
theanes. T henextampaentshons the residuak firan subtradting the meen
ane fron te rawdata T his represats the pant cloud whidh results fran
shifting the arignal pantdoud so itis nowvaattered at the sampe meen.

I extP C is usad 1O uderstad the struciure of the residual pant cloud.
T he .. istagenvedtor is amputed, and the data are projected as in Figure 3.1.
T wo represatiatias ofthe setofthe projectias (i-e. the heaw plssss inFigure
31) aredonninthesscodron Sinae these projectias are parts in themean
residual spae (i.e the data gpace reaaierad at the mean), ane represaTtiatian



is a paralEl coodinate plot oerlay shonn in the Eft pbtin the seaod ron
A nother represartatian is shoan in the aanter pbot of the seaod rowy in the
aignal data space Whidh is the mean aune tooether with just tA0 extieme
progectias. B ath displys showv that the daminant diredtian of variabi ity is
“vertical shift! (\Which wes a Balure bu it ino these simulbied date). T he
rigt hand pbbtshons the residuak from subtradting the projectias fron the
recaiered data (i.e itis the diverence of the pbtaboe ad the plotan te
EfY). T his shons the projection ato the amplEmatary subspace (represanted
by the thin phsses in Figure 31). T he direction of next geatest\aricbi ity is
analyzed in the same way in the thid rone || ofe that this direction reveab
a “tiling ampaet’ in the dala that is not visually gpparent in the rawv
datapbt T his gwes a hint abaut the poner of P CL in ..nding structiure in
papultias ofampkexdojects.  Further eigendirectians are notshonn orthis
data set. since they do not reveal edditical interesting struciure.

W hile the paraliel coordinates isual represattatian is ey uselull when the
data are aunes (as shonn in the Efthand acoblmn of Figure 3.2), itdoss not
g\e an initively usstul vienvwvwhen the datla are images (es in Figae 2.1) ar
moare amplkex strudurss that are not usslullly oerlaid an asinge pbt Far
eanpk noe thatFigare 4.4, aparaliEl codinate plotiorthe papulation of43
namal aameal shepes, does not aatain mudh insigit ebaut the papulatian of
ainalure imagess (asubsstohnwnidn anbessan in Figare 2.1). Sinceintuitive
udastanding ames in the falure spae thatis where the visualization ofthe
PCA mustbedoe W hikowers (as in the Eftcobmn of Figure 32) areno
Iongeruselul iepresantatians of the directians in terms ofextranes as shonnin
the aartercobumn of Figure 32, are quite uselul Studying the meaen, tooether
with exttames in eech directian, ghves irsightinto that“direction ocharisbi ity/”.
Figure 3.3 shons sudh a represantation orthe direction of te .. iIstagenvedtor
(i.e thedredion ofgeatsstwariabi Iity) ofthe comeadata setshonn in Figure
2.1.
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Fiogure 3.3 I een image of tre pgoulatian of nomal amess in e anier:
R epresentatinves of te .. istprindpal amponentdirecion on etersick gwe
an impressian of tre direction of geatesstvariaa Ity

T he catex parel of ..gure 3.3 shons the pqoulation meen. T his shons a
maoderate amauntofaunature and sane astignatiam, Wwhich are knonn features
ofthe papultion ofinomalaamess. T he mean albohes bean ar ected somenhat



by the edgp epects on sane of e images as anbeseanin Figure 2.1, The
Eftad rigitpanek ofFigure 3.3 gve an impressian ofthe diredtian (in the 66
dmasiaal ature space) ofthe... rIstagavedior: T his shons aaombination of
o knonn pqoultion Eatures. Firstthaere is oerall hiderand baeraunature
(shonn as oerall aance an te Eft ad geen an e nd). Secod thare is
sttager (Ef) and weaker (dt) ek ohertical sstignatism. T hereis sane
intfuence fram the missing dataalkbo an this directian, visiblke atthe bottom.
Figure 3.4 shons the seaod mastimpartant direction obvariabi ity

4 4 A ——
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Figure 34: | een image of te pgoulatian of nomal amess in e anier:

R epresanatives of the saaond prindpal aamponentdirection an eter sice gwe
an impressian of e sacond diriecion of geatestvariaa iy,

T hedirectian in the Gedmasiaal feature space of the seaod eiganvector;
shonn in Figure 34, riepresats a Eature of the pqoulation thatwes disassed
rnearFgure? 1: aomess t&nd 1o be steperdatheran the T aran the botiom.
In this directian, the infuence ofFmissing data is guite strag as indicated by
the red and blLe regas ofextrame aunature at the tp and botton.

Figure 35 shons the third direction obvariabi ity
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Figure 35: | een image of e papulatian of nomal amess in e anier:
R epresantatives of the thid prindpal aamponentdirection an eter sice gwe
an impiessian of e thid direcion of gestestvariaa Ity
T his tertiary \ariabi ity abo ssams severely intuenad by edoe ecects but
shons anotherdinially intuitive aspectoftte papulatiat vertical (and stranger
then the mean) varsus haizattal axes ofthe astignatiam.
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A visually ampeling way 1o study the directias that are suggssted by
Figures 3.3- 35 isviaamove ywhidh“maphs” betinean the threeimages shoan.
I PB moJes ofthese aan beseen in the .. Iss nam100.mpg nom?200.mpgad
nam300.mpg at the same web directary gvan at the end of sectian 2.

4 R doustEBEstimatian ofl ocatian

A smpk eanmpk danastrating the er ect of autiers an the mean in tho di-
masias is shonnin Figare 4.1. | oe that the singke autier pulk the sampke
mean aciually autsice the range of the other dosenatias.

Figure 4.1: Two dmeasiaal eampk D illstrake e ectof autliers an
sampk meen. D ata are shonn as dicks, sampke mean as te heawy dicke
oeterwih te X

SimpEk eampks of this type sugest that the impact of autiers may be
oeraome by simply ceketing them. T his was not e ective Tor the camea data
set, sineas som as thewarstautliers are deleted, otherimagss become thenext
rand of“autliers’ (since the missing data prablem wes endamic 1o this daia
s=t). W hen thee are debeted, then other pants gppearin this ok, 0 utlier
cdeEtian results in ks oftoo mudh infomatian, because aveyy e fraction of
the paoulatian nests to be deleted.

T his motivates a “baunded irnfuencg” gppraach where the goal is o use
all of the datg but 1o allbbw No singke dosernvation 1o have o mudh impact

11



I udhwork hes been daone an the developmentofisudh “rdoust” statistical proce
dures, sseeg H ampel R axdetti, R asssauwvwvand Stehel (198G, H uber(1981),
R asssauwand L eroy (1987) and Staudte and Sheather (199 0).

T he st estimate studied here is the “L P Il -estimate of bcatiat”, see
Section 63 ofH uber (1981). 6 iven multivariate data X | ;25X n 2 <9 thisis
cde.ned as

X
P=agmin K iuk;
Hoim
wvhere k&, denotes the usual Eudideen nom an <€, H ereve aasiceranly the
aep=l1, arﬂnolelt‘at!@maybe@ﬁaslt‘esohﬁmoﬁt‘eaq.aﬁm

(0ReY X Xiiu
0 =— N(i' = - - 1
CTRRAEL R T “

Insigitas tohonvthis bcation estimate dampas the er ectofautiiars ames
fram reaooizing that

XiiH
——— — 4+ u=~P i
R ik H=Psph@1XXi

i.e. the prgection ofX ; aTo the sphare aariered at ), with redivs L. T hus the
solutian of (1) is the solution of
aa

© .
0 =avg Psph@aX i ik T=1;25Nn

H um@/beersmjbyGTBicbrirgaardckaEMtquHe;cmlaedat
U, progjecting the data ato the sphare, then movng the sphere araund until the
aserace of the projected valLes is at the anler of the sphare. T hese idess are
illLstrated in Figure 4.2, where the data are the samne as in Figuare 4.1, again
representied as drcks.

12
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Figure 42: Twodmasicnaleanpkillstatingte | ! bafion esimate.
R awdata shonn as hin dircks, prgectians aio andidake spheres shoan as
tin plsses. A verages of prgectias dhonn as tidkplsses, caners of
spheres as tidkdrcks. Sampke mean shonn as thidkdrck and x

I ote that the upper candidate sphere is not aaiered near any reesaebke
“canapdrntoftre data’. W hen the data are projecied ao the sphere (riep-
resented by thin plsses), thda raarntieypant(shonn as the thid<pls) is notnear
the aanter- of the sphare (dhonn as the thidkdrcE). H onever; when the sphere
is moved until the ceanter of the projected data canddes with the aanterofthe
sphere (es Tor the Ioner phere (Whare the thidk phs ad the thidk drck are
the same), that location gves a sersibe notion of “cartier” of the pant cloud.
In partiaular; this notion ofantergves the autlying pantanly as mudh “intu
encs’ es the other pdnts reE\e itcan no lngermoe the anter autsice the
rance of the other-parnts.

T his insight makes it dear thatin ane dmersion, Ris any sample median.
H ence [P hes been callied ““the spatial mediar” Torhigher dmersias. 4 nother
assopence is that this bation estimate is notunique. H oneer; Il ilbsevic
and D udhame (1987) have shoan thatin higerdmensias ISPis unigue unkess
all of the data e in a ae dmasiaal subspae. 0 thaer terminology hes ako
bean used eg H aldare (19 48) calld itthe “geometricmedian” and made very
early mmarks o its IKbustness properties.

A simpk ad directiterative methad Tor alulating !SPccme fran 6 oner
(U9 74) orfran Secian 32 off uber(1981). 6 henaninitialguess Q iteratively
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P

n -
p= Py W
i= W
where
V\‘_o 1 o -
OXi ipiloz

T his iteration can be undarstoad in texms of Figare 4.2 throuch the reltiaship
= -
Pn i P
i:1Véi) Xilpil _Pl"' % ?lespml\il;ly(iipil_
T n _— H T -
i= VM ' %1 i W

!9:!9;1 +

T his shons that the next step is in the direction of the vector fran the ar
mtqoherecenleq@il (shonn es te drck in Figuare 42) 1o the mean of the
projected datg, & i1 Psphg-,, 1)K i (Shoan as the pls in Figure 42). The
bgth of the st is wadhted by the hasmanic mean distance of the arignal
data 1 the sphare arter (so lrger steps are taken when the dala are mare
spreed). Faorthe cameadala and abofraBwtssts in otherhich dmasiaal
aontexts, Ve hed suassss teking [} 1o be the sample meen, and iterating until
either2) steps had been teken or the reltive dic erence betneen |2 and |25,
was kss then!l 9. ||l aewarkneecs thbedae anveri..cation and ..ne tning
ofthese daass, and itmay be uselul 1o Lse a dic erait starting pant, such as
the coadinate wise median.

Thel ! estimate of the canter of the comea data fram Figure 2.1 is shoan
in Figre 43. A can the calulalian is doe in the Bature space ofvectars of
. emike aoet¢ dats, butthe resulitis displyed es aaurnature imace. | ote that
the impactofthe autlying doseratians, causaed by edoe e edts, is substantially
mitigated, When aamparaed 1o the sampe mean, as shonn in the aanterplots of
Fgues 3336

4

2

0

-2

-4
4 2 0 2 4

Figure 4.3 Spheriall ! meen. Il issingdata e ects have Ess intuenee then
an e sampEe mean (shonn in te centers of Figares 3.2 - 3.6.

14



Thel! boation estimate is most sarsibe when the scaks of the variaus
dmasias are anparcbE. H oneer; this is not the ase Tor the comeadalia,
&s shonn in Figure 4.4.

O_ —

0.2}
0.4}
-0.6t . . . . . .
0O 10 20 30 40 50 60
0.05

-0.05
0

0 10 20 30 40 50 60

Figure 4.4: P aralEl Caxdinate P bk of 7 emile Cae¢ dents, Tor populetion
ofnomal cmess. T wses te aignalZ emilke sak, midde hes
aodinate wise median sublracted lotiom is albo divided by cordinate wise
MAD.

T he tp pbtis a paralEl coadirate overby of the v Eature vedas i.e
the! emike et dents plotied as a fundion oFdimensian number (see Secian
6frdeaE). | tthis sak itis even impassibE © &l hovmany aunes are
oerbd sinae the doninant Eatures are ®\0 \ery necative aet datts (riepre
sarting the heightand the parabolic aunature aompaatts of the eye shepes).
T he midde plotshons these same Balure vectors with the coodinate wise me
dan subttacted. | awvitis gpparent that the data rangs aatss coadinates
dinerby adas ofmagiitude. T his er ectis similarto the Fouriereansian of
asmaoth sigal having hidh freouency aet dents thattare arders ofmagniituce
smaller then the bw frecpeoy et datts.  In this aatext; itis sasibke
madify thel ! location estimate by .. rst rescaling eech coordinate using same

15



messure of “spreed’. H aere thell edian A bsolute D edation firan the median
is uisad. T he bnerplotin ..gure 4.4 shons the Ealure vactors when they hae
been rescald in this way: T he result of madifing the L ! location estimate
by ..rstdividing by the coadinatewisell A D, then computing trel ! location
sstimate ad ..nally mulipling by the coodiratewisell A D, for the amea
datais donnin Figare45.

4

2

0

-2

-4
-4 -2 0 2 4

Figure 45: Elipticall ! mean. H ere te impactofte missing data is
nearly ampkEely eiminated

T his is an improanatt. in t&ms ofeven kss impactby the autliers oer
the “centapant’ shonn in Figure 4.3.

5 R doust Estimatian of S preed

W hiEautliers an hae adamaticer ectan themean (thesampke.... istmament),
they dften have an even stranger impact an tradiiaal messurss of scak, sudh
&8 warianass, sinee these are basad an seaod manent guentities.

A amplke eanpk shoning the polertial e ect of atiers anPCL is gvan
inFgure5.1. | oe tateaptiathe singe ater; the drection ofgreatsst
variabiity is in the direction of the seaod ad faurth quedriants. B ut the
singe autier ampktely dangs this, so the direction of greatiest \varicbi ity
g=s tonacs te . ristad third guedrants. T his is causad by the i epect
ofthe singke aitier an the sanmpke coariance matrix.

16



Figure5.1: Two dmensicnal eampk shoning howvautiers a0 ectP Ch .

D atapant are sonn as dircks. T e . rsteigevactor direcian is shoan by
te tider ne ssgment. e saaond by te tinner: T he Ibnglh of eech
agenvecoris praportianal © e eigenale.

Fgure 5.2 shons howva singe “astier” can disstically aaect tePCL oF
the simulated mily of aines shonn in Figae 32. A single new data aune
is dearly Vvisibk in the raw data pbt an the upper Eft | ofe that the new
data pantis notan astierin any singe coodinate directian, butits shepe is
clarly dir eraitfian the others (and itis cearly farranay in tems ofEudicdeen
disten®).
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Mean Mean Resid.
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20

PC1 Mean +- PC1

PC2 Mean +- PC2 resid, PC2
20 20
0 OM
-20 -20
PC3 resid, PC3
20 20
OM 0 - ——
-20 -20

Figure5.2: PCA ordataofFigue 3.2 wth an autier acded

T he new dosernatian in Figare 5.2 hes negigbe impact an the mean, as
shonn in the aaler pbtan the &t ronr  1'thes anly a amall impactan the
. Istprindpke anpaaitdrectian, as shoan in the seaod oy althaudh itis
MisibE in terms of the “rppEs” that can be sean. B utthis singe dosenvatian
clarly dominates thesscodP G directian, asshonninthethird rons B ecause
of this major impact; the impartanit ssaod feature of the data the “tling’
shonn in the botiom row of Figure 32, nowv anly gopears in the third P CA
direciaon. T his shons hav“‘atliars” can hide impartant eaturss of the datla
Itabo shons thata parntcan be an aatler; even when naoe ofits codinatess
is usually lxge Whidh is a parhgps surprising praparty of high dmensiaal
data (in the qoi:itoﬁlae_ﬁctit‘atapdntm the veriex of e unitabe ind
dmasiasisdstene dfian the aign).
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Fgure5 .3 shons hovthe spharicalP G gpproach gves abaunded infuence
varsian of P C |, Tarthe same simp e data set (pant doud adented tonarcs the
saaod and Tourth guedrants, with asinge aatlier) ssin Figare5.1. T hemain
idea is that of the projectian gpproech oL ! |l -estimatiat  project the data
ato a sphare o redue the e ect of autliars.

Figure 5.3 Twodmesiaal eampk shoning howvspherical P CA
donnveidts te intuence of autliers. D ala paints are shoan as drcks,
prgectias aTo te doan sphere are shonn as pleses.. T ke .. rsteigemvecior
drection of te projecied data is shoan by te tider ne ssgnent. te saaod
by te tinner: T he Iengh of each eigennvector is prgoorical © te
agnmale

InFgure5.3 the dircks are the ravdala and the resultofprojecting them
ao a phere aatered at the L ! Il -estimate are shoan as the thin plsses.
Spherial P C!  is basad an the ageanalysis of the aovariance matrix of these
projecied data. | s Tor the bcation estimate, the infuence of the autling do
seration is geatly reduced.

Fguae 5.4, shons the result of a spherical PG Tor the data setwith the
autiershonn in Figare52.
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Figure54: SphericalP G fordata ofFigure 5.2.

In Fgure5 4, the autlying doseratiaon novwhes alimocstno e ectan the .. 1st
PC directian (shonn in the saaod ran), i.e the wighiiness in the seaod row
ofFFgae5.2 isgre Butmae impoatait theseaodPCl directian (shonn
in the third ron) now shons the impartant ti lting esture of the bulkk of the
data and the autieranly gppears in e thirdP C4 directian. T his shons howv
sphericalPCl aan imitthe e ectof autliers an this type ofFanalysis.

A s noted near the end of Sectiaon 4, projectian aTo a sphere may not be
anpkly e ctive if the data are an wicely dic erant saks in dic erait ao
adinate drectias. T he improematts gained by diangng the sphere o a
surtebk elipse are presanitin the presantsituatian aba  V isual insditintothe
anespading eliptialvariation ofP Gt isgvenin Figare 5.5.
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Figure55: Twodmensianal eanpk sroninghowvelipialP Co anectly
aqounts ordie eringaxis saling D ata pants are shoan as dicks (I 1on),
prgeciians ato te shonn sphere (or inducd ellipse) are shonn as plsses
(lotiom on). L efthand pbt are te arigrnal sak, riditpbts are resald by
te sampkll edan A solute D edatias. Eliptical eigenvector diiectias are
shoan in te brer Eft

T he upper Eft pbtin Figae 55 shons a smpk data sst where eliptical
PCh is asubstattial improementoer pherical PCL T he upper nditplot
shons the resulis oFrarstaming the datlaso that trell A D ofeadch coadinate
adsisl. Thewveartical ads hes bean substatially ampressed, so thatthe bulkk
of the data nowv bdk spherical P rgjectian aio the sphare is novdae an
this sak as shonn in the bnerrigitpbt  Finally the data are trasformed
badk 10 the arignal scak as shonn in the baer Eftpbt | ole thatnov the
projected data e an the surfe of an elipss that gppropriaely refects the
din erentsalings ofthe axes.

Foure 44 sugrst tat Eliptical P C  is goprapriate Tor the comea dalg
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and we dosernaed the expected improsamants oer Spherical PG (notshonn
heretosae spa). T he resuls are shonn in the Olbning..guares. A cain the
main ideais todothe numerics of the statistical anabysis in the Gadimasiaal
ature space of . emike aet datvedors, but o represent the resuls in the
visually intuirtive space of aunature mgps.

Fgure 5.6is an improed versian of Figure 3.3 shoning the daninent di-
rection.

4 4 4

2

0 0 0
-2 -2 -2
-4 -4

-4
42 0 2 4 42 0 2 4 42 0 2 4

Figure 5.6 Ceaneris Eliptical L | mean, directian shons ... rsteiganvector of
ElipticalP Ch .

Fguare 5.6 hss the same basic bssas as in Figure 3.3 exapt that the
sttager \vertical sstignatism an the Eftis novmare diear; ad the distracting
baundary behaviaris nearly aampketely grne.

Fgure 5.7 is an improad varsion of Figure 34.

4 4 4
2

0 0 0

-2 -2 -2

Y2 02 a2 02 a2 0 2 4

Figure 5.7: Centeris Elipical L ! mean, direction shons seaond eiganector
of Eliptial P Ch .

Figure5.7 hes nearly aampetely eiminaied the vary stragbaundary e ects
fran Figure 34. Itaboshons the stespertp and bottom regas mare dearly
(in avnay that lbds mare ke these fatures as seen in Figure 2.1).

Fguae 538 is an improsed varsion of Figure 35.
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Figure538: Ceneris Eliptical L ! mean, direction shons third eigervector
ofEliptical P Ch .

Figure 58 hes abko essatially eliminated the very strag missing data ar
tifcts visbk in Figure 35.  Itakbko makes itmae dear that this directian is
represanting dic exing axes ofthe astignatism.

I PE movevarsiasofteFigire5.6 538 areaada Bbeatthe wsb address
matticnaed at the ed of Sectian 2, in the .. s naml122 mpg nam222.mpg
nom322.mpg

A ..nalcaaommentaoncars the relbtiaship betneenP G4 and( aussiandata
Sane hae o aed the pinian that the 6 aussian assumptian is impartant ©
PCh . T his reservatian is well justi..ed when distribution theory is used, Torex
ampke in dessical multivariatie hypothesis testing  H onevey; itis notnecssarily
aprdobn whenthegal asharg issmply o..nd “interestingdirectias”. T he
pradblams with autliers shonn in Sectian 3 aul be viened in trms of “nan
¢ asslany/’ of the dala but the solition reammendaed in Sectian 5 works
aatively inanmt aussian way.

6 A ppaxdx [ emike besics

T hel emike polynaniak aoet dats are dosen 1 summarize the comea dala
because this beasis hes natural interpretation in gphthalimolgy: T he 7 emike
poynamiak ae athanamal an the unit phare and are radially symmetric
. emike polynamiak are a ambination ofF tno ampaats. 0 ne ampaentis
a Faurier compaaitin the angilrdirection. T he otheris a Jaabi pdyno
mial in the radial drectian. T he ganaral foam ofthe 7 emike polynamiak (sse
Sdwiegerling etal 1995) is de.ned as

I02 O+ LR O far + m
IS ED= 520+ IR @@ for §im
O+ 1RO far m=(

where n is the polynamial adey; m is te Fauierader; and R '@ is the
represertation orthe Jaabi polynamial
T he Jaahi polynamial is gven by
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