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A bstract
A methodforexploringthestructureofpopulations ofcomplexob-

jects, such as images, is considered. T he objects are summarized by
featurevectors. T hestatisticalbackboneisPrincipalComponentA naly-
sis inthespaceoffeaturevectors. V isualinsightscomefrom representing
the results in the originaldata space. In an ophthalmologicalexam-
ple, endemicoutliers motivate thedevelopmentofa bounded in‡uence
approachtoPCA .
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1 Introduction
T he“atoms” oftraditionalstatisticalanalysesarenumbersorperhapsvectors.
B utanumberofdatasets, fromdiverseareasofscience, providemotivationfor
generalizingthenotionoftheatom ofthestatisticalanalysis tomoregeneral
datatypes. R amsayandSilverman(19 9 7 ) havecoinedtheterm “functional”
forsuchdata. T hatmonographcontains awidearrayofexamples, andalso
makesagoodstartonthedevelopmentofstatisticalmethodsfortheiranalysis.

W hilethistypeofnewstatisticalanalysismakesuseofclassicalmultivariate
analysis methods, suchas PrincipalComponentA nalysis, substantialadapta-
tionandnewdevelopmentis typicallyneeded. Forexample, whentheatoms
oftheanalysis are“curves”, e. g. longitudinaldata, theycantypicallybeef-
fectivelydigitizedtovectors. H oweverclassicalmethodsmakelittleuseofthe
“smoothness” thatispresentinmanydatasets. H encetheyarepoorlysuited
foranalysis insuchcases. O nereason is thattheneededcovariancematrices
aresingular, ornearlyso. A secondreasonisthatclassicalstatisticalmethods
tendtobepowerfulinan“omnibus” way, andthustendtotradeawaypower
intheparticulardirectionsthataremoreimportantforfunctionaldataanalysis
(e.g. indirections correspondingto”smoothness”) . SeeFanand L in (19 9 8)
forinterestingdiscussionofthispoint, andsomeusefulhypothesistestingideas
infunctionaldataanalyticcontexts.

T hispaperconsidersthestatisticalanalysisofdatatypesthatgobeyondthe
ideaof“curvesasdata”, thatwasthefocusofR amsayandSilverman(19 9 7 ),
intomore complicated data structures. T here are twomain points. T he
…rstis thatcomplicated datatypes can be e¤ectively handled and analyzed
throughsummarizingthem intermsof“featurevectors”. T hesecondis that
robustmethodsareveryuseful, andareperhapsmoreimportantinfunctional
situations thaninclassicalones, sincetheretendtobemoreways foroutliers
toimpactveryhighdimensionalstatisticalanalyses.

T hemotivatingexampleusedinthispapercomesfromophthalmology. A n
importantcomponentofthehumanvisualsystem is theshapeoftheoutside
surfaceofthecornea, theoutersurfaceoftheeye. T heshapeofthis surface
is responsible for85% ofthe refraction thatresults in an image focused on
theretina. CornealtopographymeasurementinstrumentssuchastheKeratron
(O ptikon2000, R ome)typicallyusecolor-codedmapstodisplayanteriorcorneal
shape information intwodimensions. A usefulconvention is themappingof
radialcurvaturethatdepictslowcurvatureasblue, thengreen, yellow, orange,
andredasthecurvatureincreases.
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Figure1.1: Twocornealimages showingradialcurvature. T heleftshows
relativelyconstantcurvature. Therightshowsmorecurvaturenearthecenter,

andamarkedverticalastigmatism.

Twosuch images areshown inFigure1.1. T heseshowtwofeatures often
seeninpopulationsofcorneas. T he…rsthasfairlyconstantcurvature(shownby
nearlyconstantcolor), whilethesecondhasaverticalorangeband, representing
astigmatism withaverticalaxis.

T his typeofimageprovidesausefuldiagnostictool. Forexample, Figure
1.2 showsacurvaturemap from apatientwiththediseaseofkeratoconus, in
whichthecorneagrowsintoahighlycurvedconeshape
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Figure1.2: RadialcurvatureofacorneawithKerataconus. T heredregion
isaconeofhighcurvature.

Inthis paper, westudythis typeofdatafrom apopulationviewpoint, i.e.
theatomsofouranalysisaresuchimages. W hiletheexampleisquitespecial-
ized, webelievethemethodologydevelopedwillbeusefulforawidevarietyof
populationsofimages, andothercomplexobjects.

InSection2 wediscusse¤ectivesummarizationofeachdatapointinto“fea-
ture vectors”, by …ttingthe Z ernike orthogonalbasis toeach. In Section 3
PrincipalComponentA nalysis isusedtounderstandthestructureofapopula-
tionofnormalcorneas. T heanalysis isactuallydoneinthe“featurespace” of
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Z ernikevectors, buttheresultsareviewedinthe“dataspace” ofcurvatureim-
ages, sincethisiswherevisualinsightsaregained. T hisideawasindependently
developedbyCootes, H ill, TaylorandA slam (19 9 3) andKelemen, Szekely, and
G erig(19 9 7 ). Instatistics, relatedmethodsareoftenusedin“shapeanalysis”,
seeD rydenandM ardia(19 9 8).

Insection3itisseenthatthisPCA revealsseveralclinicallyintuitiveaspects
ofthepopulation. B utadisturbingfeatureoftheanalysis isthatitisa¤ected
byoutliers, causedbysomeoftheimageshavingsomemissingregions. T hese
outliersmotivatearobustboundedin‡uenceapproachtoPCA .

T he…rststep inrobustPCA is …ndingthecenterpointofthepopulation.
A suitablerobustestimate of“center” is developed in Section 4, which is a
modi…cationofthestandardL 1 M -estimate. R obustestimatesbasedonauseful
surrogateforthecovariancematrixarethendevelopedinSection5. Standard
robustestimatesofthefullcovariancematrixareuseless here(andweexpect
thissamedi¢cultytooccurinmanyotherveryhighdimensionalcontexts)since
thenumberofdatapoints is less than thedimensionality. W eovercomethis
problem using“SphericalPrincipalComponentA nalysis”, which is arobust
version ofPCA thatis anticipatedtobebroadlyuseful. Finallyduetothe
specialnatureofthesedata, asimpleextensionismadeto“EllipticalPrincipal
ComponentA nalysis”. D etailsoftheZ ernikedecompositionaregiveninSection
6.

2 R eductionbyZ ernikeD ecomposition
T he…rstchallengeintheanalysisofthecornealimagedataisthattherawdata
areintheformofupto69 12measurementsatapolargridoflocations. Classical
multivariateanalysisonthesevectorsisnumericallyintractable, becauseoftheir
largesize, andbecausetheycontainmanyredundanciesandnearredundancies.

T he problem ofreducingdataofthis type tomoremanageable “feature
vectors” isfamiliartothe…eldofstatisticalpatternrecognition, seee.g. D evijver
andKittler(19 82). A ne¤ectivesummarizationofanimageofthetypeinFigure
1, intoafeaturevector, is thevectorofthecoe¢cientsofaleastsquares …tof
theZ ernikeorthogonalbasis.

T histwodimensionalbasisissupportedonthedisk, andisatensorproduct
oftheFourierbasis intheangulardirection, andaspecialJacobi basis inthe
radialdirection. T heJacobi basis isverycarefullychosentoavoidsingularities
attheorigin. T hisbasisisstandardinoptics, andiswellsuitedtosummarizing
opticalquantities suchas sphericalcurvatureandastigmatism. M athematical
detailsarediscussedinSection6.

T heresultsofZ ernikefeaturevectorsummarization, fortheimagesofFigure
1.1, aswellasseveralothers, areshowninFigure2.1. T hereissomelossinthis
typeofimagecompression, butitis relativelysmall, andmoreimportantthe
missingfeaturesarenotofclinicalinterest.
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Figure2.1: Z ernikereconstructionsofsomenormalcorneaimages.

N extwestudyapopulationofn= 43 normalcornealimages, whichwere
obtainedwhilescreeningpatientsforlasersurgery. T heimagesshowninFigure
2.1 areasubset, chosentorepresentthemostimportantfeatures. N otethatthe
rawcurvatureimagesfromFigure1.1 nowappear“smoothed”. T hisisthesame
e¤ectthatisobservedwhenadigitizedsmoothcurveisFouriertransformed, and
thenthetransform is invertedusingonlythelowfrequencycoe¢cients. T he
mainfeaturesarestillpresent, buttheroughedgeshavebeensmoothedaway.
Varyingdegrees ofastigmatism are seen as verticalbands ofsteep curvature
inthetopcenterandright, themiddleleftandcenter, andthebottom center.
A notherfeaturewidelyobservedinnormalcorneasisthetendencytobesteeper
eithernearthetop, ornearthebottom, showntovaryingdegreesinthetopleft
andright, middlerightandbottom right. A notherfeatureextremecurvature
causedbymissingdataintheimages’peripheries, aretheredandblueregions
ofextremecurvature. T hesearetheresultsofartifacts, suchaseyelidsblocking
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theimagingdevice(theextentofthemissingdataforeachisshownbythethin
whitelines). T hemissingdatahasaserious impactontheZ ernike…t, which
is re‡ectedbytheseregionsofhighcurvature. T hesee¤ects areseentohave
animportantimpactontheanalysisofSection3.

T hedi¢cultyofdevelopinganintuitiveunderstandingoftheoverallstruc-
tureofthepopulationbyviewingacollectionofcolor-codedmaps is demon-
stratedbythesenineimages. Thechallengeisoverwhelmingwhenall43images
areincluded. T hiscanbeseenbyviewinganM PEG movieofall43, available
fromthewebpagehttp://www.unc.edu/depts/statistics/postscript/papers/marron/cornea-
robust/, inthe…lenormlwr.mpg. T hereasonissimplythatthereistoomuch
informationpresent, andthisinformationispresentedinavisualformthatthe
humanperceptualsystem isnotabletoe¤ectivelycomprehend.

3 O rdinaryPrincipalComponents A nalysis
PCA can provide an e¤ective solution to this quite generalproblem ofun-
derstandingthestructureofcomplexpopulations. ClassicalPCA seeks one
dimensional“directionsofgreatestvariability”, bystudyingprojectionsofthe
dataontodirectionvectorsstartingatthesamplemean. T hevarianceofthese
projections is maximized inthedirectionofthe…rsteigenvector(i.e. theone
withthelargestcorrespondingeigenvalue) ofthesamplecovariancematrix. A
simpleexampleis showninFigure3.1. H erethedataisasimpletwodimen-
sionalpointcloud, whereeachpointis representedbyacircle. PCA canbe
viewedas“decomposingthepointcloud” intopieceswhichrevealthestructure
ofthepopulation. InFigure3.1 itiscenteredatthesamplemean, wherethetwo
linesmeet. T heheavierlineshowsthe…rstdirectionofgreatestvariability, i.e.
thedirectionofthe…rsteigenvectorofthecovariancematrix. T hethinnerline
showsthedirectionofgreatestvariabilityinthesubspacethatistheorthogonal
complement(trivialin this example, sincethatsubspace is onedimensional,
butotherwisefoundviatheeigenvectorwithsecondlargesteigenvalue). Each
datapointisprojectedontothethicklinetogetits“…rstprincipalcomponent”,
shownasathick+ , andisprojectedontothethinlinetogetits“secondprin-
cipalcomponent”, shownasathin + . Ineachcasetheprincipalcomponents
giveaparticularonedimensionalviewofthedata. A n importantpropertyof
PCA isthatitallows…ndinginterestinglowdimensionalrepresentationsofthe
data.
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Figure3.1: TwodimensionalexampleillustratingPCA . Firsteigenvector
direction(andprojectionsofthedata) shownwithathickline(thickplusses).
Secondeigenvectordirection(andprojectionsofthedata) shownwithathin

line(thinplusses).

Forapplication in functionaldatacontexts, thekey is todothePCA “in
thefeaturespace” (i.e. onthefeaturevectors), butthentogaininsights“inthe
dataspace”. Forcurvesasdata, R amsayandSilverman(19 9 7 ) weresuccessful
withoverlayingthecurvesthatrepresenteachdatapoint. T hePCA directions
aree¤ectivelydisplayedbyprojectingeachdatapointontotheeigenvector, and
thenrepresentingeachprojectedpointagainas acurve. T hefamilyofcurves
thenclearlydisplaystheintuitivemeaningofthecomponentofvariabilitythat
isrepresentedbythateigendirection. A simulatedexampleofthee¤ectiveness
ofthistypeofvisualrepresentationisgiveninFigure3.2.
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Figure3.2: “Curvesasdata” exampleillustratingPCA . Firstrowshows
resultsof“recentering”. Secondrowshowsstrongestcomponentofvariability.

T hirdrowshowssecondmostimportantcomponent.

T he upperleftplotshows a simulated family ofrandom curves, thatis
considered here tobeapopulationwhose structure is tobe analyzed. T his
type ofvisualrepresentation ofhigh dimensionaldatawas termed “parallel
coordinates” by Inselberg(19 85) and W egman (19 9 0), whoproposed itas a
generalpurposedeviceforthevisualizationofhighdimensionaldata(i.e. of
pointclouds inhighdimensionalspace). T henextplottotherightshowsthe
samplemeanofthispopulation(i.e. ofthispointcloud). Sincethemultivariate
meaniscalculatedcoordinate-wise, this is simplythecoordinate-wisemeanof
thecurves. T henextcomponentshowstheresidualsfromsubtractingthemean
curvefrom therawdata. T his represents thepointcloudwhichresults from
shiftingtheoriginalpointcloudsoitisnowcenteredatthesamplemean.

N extPCA is usedtounderstandthestructureoftheresidualpointcloud.
T he…rsteigenvectoriscomputed, andthedataareprojectedas inFigure3.1.
Tworepresentationsofthesetoftheprojections(i.e. theheavyplussesinFigure
3.1)areshowninthesecondrow. Sincetheseprojectionsarepointsinthemean
residualspace(i.e. thedataspacerecenteredatthemean), onerepresentation
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is aparallelcoordinateplotoverlay, shown intheleftplotinthesecondrow.
A notherrepresentation is shown in thecenterplotofthe secondrow, in the
originaldataspace, which is themeancurve, togetherwith justtwoextreme
projections. Both displays showthatthedominantdirectionofvariability is
“verticalshift” (whichwas afeaturebuiltintothese simulated data). T he
righthandplotshowstheresiduals from subtractingtheprojections from the
recentereddata(i.e. itisthedi¤erenceoftheplotabove, andtheplotonthe
left). T hisshowstheprojectionontothecomplementarysubspace(represented
bythethinplusses inFigure3.1). T hedirectionofnextgreatestvariabilityis
analyzed inthesameway inthethirdrow. N otethatthis directionreveals
a “tiltingcomponent” in the data thatis notvisually apparentin the raw
dataplot. T his gives ahintaboutthepowerofPCA in …ndingstructurein
populationsofcomplexobjects. Furthereigendirectionsarenotshownforthis
dataset, sincetheydonotrevealadditionalinterestingstructure.

W hiletheparallelcoordinatesvisualrepresentationisveryusefulwhenthe
dataarecurves (as shown inthelefthandcolumnofFigure3.2), itdoes not
givean intuitivelyusefulviewwhenthedataareimages (as inFigure2.1) or
morecomplexstructures thatarenotusefullyoverlaidonasingleplot. For
examplenotethatFigure4.4, aparallelcoordinateplotforthepopulationof43
normalcornealshapes, doesnotcontainmuchinsightaboutthepopulationof
curvatureimages(asubsetofwhichcanbeseeninFigure2.1). Sinceintuitive
understandingcomesinthefeaturespace, thatiswherethevisualizationofthe
PCA mustbedone. W hileoverlays(as intheleftcolumnofFigure3.2) areno
longeruseful, representationsofthedirectionsintermsofextremes, asshownin
thecentercolumnofFigure3.2, arequiteuseful. Studyingthemean, together
withextremesineachdirection, givesinsightintothat“directionofvariability”.
Figure3.3showssucharepresentationforthedirectionofthe…rsteigenvector
(i.e. thedirectionofgreatestvariability)ofthecorneadatasetshowninFigure
2.1.
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Figure3.3: M ean imageofthepopulationofnormalcorneas inthecenter.
Representativesofthe…rstprincipalcomponentdirectiononeithersidegive

an impressionofthedirectionofgreatestvariability.

T hecenterpanelof…gure3.3 shows thepopulationmean. T his shows a
moderateamountofcurvature, andsomeastigmatism, whichareknownfeatures
ofthepopulationofnormalcorneas. T hemeanalsohasbeena¤ectedsomewhat
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bytheedgee¤ects onsomeoftheimages, as canbeseen inFigure2.1. T he
leftandrightpanelsofFigure3.3giveanimpressionofthedirection(inthe66
dimensionalfeaturespace)ofthe…rsteigenvector. T hisshowsacombinationof
twoknownpopulationfeatures. Firstthereisoverallhigherandlowercurvature
(shownasoverallorangeontheleft, andgreenontheright). Secondthereis
stronger(left)andweaker(right) levelsofverticalastigmatism. T hereissome
in‡uencefromthemissingdataalsoonthisdirection, visibleatthebottom.

Figure3.4showsthesecondmostimportantdirectionofvariability.
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Figure3.4: M ean imageofthepopulationofnormalcorneas inthecenter.
R epresentativesofthesecondprincipalcomponentdirectiononeithersidegive

an impressionoftheseconddirectionofgreatestvariability.

T hedirectioninthe66dimensionalfeaturespace, ofthesecondeigenvector,
showninFigure3.4, representsafeatureofthepopulationthatwasdiscussed
nearFigure2.1: corneastendtobesteepereitheronthetoporonthebottom.
Inthis direction, thein‡uenceofmissingdatais quitestrong, as indicatedby
theredandblueregionsofextremecurvatureatthetopandbottom.

Figure3.5 showsthethirddirectionofvariability.
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Figure3.5: M ean imageofthepopulationofnormalcorneas inthecenter.
Representativesofthethirdprincipalcomponentdirectiononeithersidegive

an impressionofthethirddirectionofgreatestvariability.

T his tertiaryvariabilityalsoseems severelyin‡uencedbyedgee¤ects, but
showsanotherclinicallyintuitiveaspectofthepopulation: vertical(andstronger
thanthemean)versushorizontalaxesoftheastigmatism.
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A visually compellingway tostudy the directions thatare suggested by
Figures3.3- 3.5 isviaamovie, which“morphs”betweenthethreeimagesshown.
M PEG moviesofthesecanbeseeninthe…lesnorm100.mpg, norm200.mpgand
norm300.mpg, atthesamewebdirectorygivenattheendofsection2.

4 R obustEstimationofL ocation
A simpleexampledemonstratingthee¤ectofoutliersonthemean intwodi-
mensions is showninFigure4.1. N otethatthesingleoutlierpullsthesample
meanactuallyoutsidetherangeoftheotherobservations.

Figure4.1: Twodimensionalexampletoillustratee¤ ectofoutlierson
samplemean. D ataareshownascircles, samplemeanastheheavycircle

togetherwiththex.

Simple examples ofthis type suggestthatthe impactofoutliers may be
overcomebysimplydeletingthem. T hiswasnote¤ectiveforthecorneadata
set, sinceassoonastheworstoutliersaredeleted, otherimagesbecomethenext
roundof“outliers” (sincethemissingdataproblem was endemictothis data
set). W henthesearedeleted, thenotherpoints appearinthis role. O utlier
deletionresultsinlossoftoomuchinformation, becauseaverylargefractionof
thepopulationneedstobedeleted.

T his motivates a “bounded in‡uence” approach where the goalis touse
allofthedata, buttoallownosingleobservation tohavetoomuch impact.
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M uchworkhasbeendoneonthedevelopmentofsuch“robust” statisticalproce-
dures, seee.g. H ampel, R onchetti, R ousseeuwandStahel(19 86), H uber(19 81),
R ousseeuwandL eroy(19 8 7 ) andStaudteandSheather(19 9 0).

T herobustestimate studied here is the “L p M -estimateoflocation”, see
Section6.3ofH uber(19 81). G ivenmultivariatedataX 1 ;:::;X n 2<d, this is
de…nedas:

bµ=argmin
µ

nX

i=1

kX i¡µkp2 ;

wherek¢k2 denotestheusualEuclideannormon<d. H ereweconsideronlythe
casep=1 , andnotethatbµ maybefoundasthesolutionoftheequation:

0 =
@
@µ

nX

i=1

kX i¡µkp2 =
nX

i=1

X i¡µ
kX i¡µk2

: (1)

Insightastohowthislocationestimatedampensthee¤ectofoutlierscomes
fromrecognizingthat

X i¡µ
kX i¡µk2

+ µ=P Sph(µ;1 )X i;

i.e. theprojectionofX i ontothespherecenteredatµ, withradius 1 . T husthe
solutionof(1) isthesolutionof

0 =avg
©
P Sph(µ;1 )X i¡µ :i=1;:::;n

ª
:

H encebµ maybeunderstoodbyconsideringcandidateunitspheres centeredat
µ, projectingthedataontothesphere, thenmovingthespherearounduntilthe
averageoftheprojectedvalues isatthecenterofthesphere. T heseideasare
illustrated inFigure4.2, wherethedataarethesameas inFigure4.1, again
representedascircles.
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Figure4.2: Twodimensionalexampleillustratingthe L 1 locationestimate.
Rawdatashownasthincircles, projectionsontocandidatespheres shownas

thinplusses. A veragesofprojections shownasthickplusses, centersof
spheresasthickcircles. Samplemeanshownasthickcircleandx.

N otethattheuppercandidatesphereis notcenterednearanyreasonable
“centerpointofthedata”. W henthedataareprojectedontothesphere(rep-
resentedbythinplusses), theircenterpoint(shownasthethickplus) isnotnear
thecenterofthesphere(shownasthethickcircle). H owever, whenthesphere
ismoveduntilthecenteroftheprojecteddatacoincideswiththecenterofthe
sphere(as forthelowersphere(wherethethickplus andthethickcircleare
thesame), thatlocationgivesasensiblenotionof“center” ofthepointcloud.
Inparticular, thisnotionofcentergivestheoutlyingpointonlyasmuch“in‡u-
ence” astheotherpoints receive, itcannolongermovethecenteroutsidethe
rangeoftheotherpoints.

T his insightmakes itclearthatinonedimension, bµ is anysamplemedian.
H encebµ hasbeencalled“thespatialmedian” forhigherdimensions. A nother
consequenceis thatthis locationestimateis notunique. H owever, M ilasevic
andD ucharme(19 8 7 ) haveshownthatinhigherdimensionsbµ isunique, unless
allofthedatalie inaonedimensionalsubspace. O therterminologyhasalso
beenused, e.g. H aldane(19 48) calleditthe“geometricmedian” andmadevery
earlyremarksonitsrobustnessproperties.

A simpleanddirectiterativemethodforcalculatingbµ comes from G ower
(19 7 4)orfromSection3.2 ofH uber(19 81). G ivenaninitialguess,bµ0 , iteratively
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de…ne:

bµ`=
Pn

i=1 wiX iPn
i=1 wi

where

wi=
1°°° X i¡bµ`¡1

°°°
2

:

T hisiterationcanbeunderstoodintermsofFigure4.2 throughtherelationship

bµ`=bµ`¡1 +
Pn

i=1 wi
³
X i¡bµ`¡1

´

Pn
i=1 wi

=bµ ¡̀1 +
1
n

Pn
i=1 PSph(µ`¡1 ;1 )X i¡bµ`¡1

1
n

Pn
i=1 wi

:

T his shows thatthenextstep is in thedirectionofthevectorfrom thecur-
rentspherecenterbµ`¡1 (shownasthecircleinFigure4.2) tothemeanofthe
projecteddata, 1

n

Pn
i=1 PSph(µ`¡1 ;1 )X i (shownas theplus inFigure4.2). T he

lengthofthestep is weightedbytheharmonicmeandistanceoftheoriginal
datatothespherecenter(solargersteps aretakenwhen thedataaremore
spread). Forthecorneadata, andalsoforafewtestsinotherhighdimensional
contexts, wehadsuccesstakingbµ0 tobethesamplemean, anditeratinguntil
either20 steps hadbeentaken, ortherelativedi¤erencebetweenbµ` andbµ`¡1
waslessthan1 0¡6. M oreworkneedstobedoneonveri…cationand…netuning
ofthesechoices, anditmaybeusefultouseadi¤erentstartingpoint, suchas
thecoordinate-wisemedian.

T he L 1 estimateofthecenterofthecorneadatafrom Figure2.1 is shown
inFigure4.3. A gainthecalculation is doneinthefeaturespaceofvectorsof
Z ernikecoe¢cients, buttheresultisdisplayedasacurvatureimage. N otethat
theimpactoftheoutlyingobservations, causedbyedgee¤ects, issubstantially
mitigated, whencomparedtothesamplemean, asshowninthecenterplotsof
Figures3.3-3.6.
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Figure4.3: Spherical L 1 mean. M issingdatae¤ ectshaveless in‡uencethan
onthesamplemean (shown inthecentersofFigures3.2 - 3.6).
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T he L 1 location estimate is mostsensiblewhen the scales ofthevarious
dimensionsarecomparable. H owever, this isnotthecaseforthecorneadata,
asshowninFigure4.4.
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Figure4.4: P arallelCoordinatePlotsofZ ernikeCoe¢cients, forpopulation
ofnormalcorneas. TopusestheoriginalZ ernikescale, middlehas

coordinate-wisemediansubtracted, bottom isalsodividedbycoordinate-wise
M A D .

T hetop plotisaparallelcoordinateoverlayoftherawfeaturevectors, i.e.
theZ ernikecoe¢cients, plottedasafunctionofdimensionnumber(seeSection
6fordetails). A tthis scale, itis evenimpossibletotellhowmanycurvesare
overlaid, sincethedominantfeaturesaretwoverynegativecoe¢cients (repre-
sentingtheheightandtheparaboliccurvaturecomponentsoftheeyeshapes).
T hemiddleplotshowsthesesamefeaturevectors, withthecoordinate-wiseme-
diansubtracted. N owitis apparentthatthedataranges across coordinates
di¤erbyordersofmagnitude. T hise¤ectissimilartotheFourierexpansionof
asmoothsignalhavinghighfrequencycoe¢cientsthatareordersofmagnitude
smallerthanthelowfrequencycoe¢cients. In this context, itis sensibleto
modifythe L 1 locationestimate, by…rstrescalingeachcoordinateusingsome
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measureof“spread”. H eretheM edian A bsoluteD eviationfrom themedian
isused. T helowerplotin…gure4.4showsthefeaturevectorswhentheyhave
been rescaled inthis way. T heresultofmodifyingthe L 1 location estimate,
by…rstdividingbythecoordinate-wiseM A D , thencomputingtheL 1 location
estimate, and…nallymultiplyingbythecoordinate-wiseM A D , forthecornea
datais showninFigure4.5.
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-2

0
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4

Figure4.5: Elliptical L 1 mean. H eretheimpactofthemissingdatais
nearlycompletelyeliminated.

T his is an improvement, interms ofevenless impactbytheoutliers, over
the“centerpoint” showninFigure4.3.

5 R obustEstimationofSpread
W hileoutlierscanhaveadramatice¤ectonthemean(thesample…rstmoment),
theyoftenhaveanevenstrongerimpactontraditionalmeasuresofscale, such
ascovariances, sincethesearebasedonsecondmomentquantities.

A simpleexample, showingthepotentiale¤ectofoutliersonPCA isgiven
inFigure5.1. N otethatexceptforthesingleoutlier, thedirectionofgreatest
variability is in the direction ofthe second and fourth quadrants. B utthe
singleoutliercompletelychanges this, sothedirection ofgreatestvariability
goes towardsthe…rstandthirdquadrants. T his iscausedbythelargee¤ect
ofthesingleoutlieronthesamplecovariancematrix.
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Figure5.1: Twodimensionalexampleshowinghowoutliersa¤ ectPCA .
D atapointsareshownascircles. T he…rsteigenvectordirection is shownby

thethickerlinesegment, thesecondbythethinner. Thelengthofeach
eigenvectorisproportionaltotheeigenvalue.

Figure5.2 shows howasingle“outlier” candrasticallya¤ectthePCA of
thesimulatedfamilyofcurves shown inFigure3.2. A singlenewdatacurve
is clearlyvisible in therawdataplotontheupperleft. N otethatthenew
datapointisnotanoutlierinanysinglecoordinatedirection, butits shapeis
clearlydi¤erentfromtheothers(anditisclearlyfarawayintermsofEuclidean
distance).
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Figure5.2: PCA fordataofFigure3.2 withanoutlieradded.

T henewobservation in Figure5.2 has negligible impacton themean, as
shown inthecenterplotonthetop row. Ithas onlyasmallimpactonthe
…rstprinciplecomponentdirection, as showninthesecondrow, althoughitis
visibleintermsofthe“ripples” thatcanbeseen. Butthis singleobservation
clearlydominatesthesecondPCA direction, asshowninthethirdrow. B ecause
ofthis majorimpact, theimportantsecondfeatureofthedata, the“tilting”
shown in thebottom rowofFigure3.2, nowonlyappears in thethird PCA
direction. T his showshow“outliers” canhideimportantfeaturesofthedata.
Italsoshowsthatapointcanbeanoutlier, evenwhennoneofitscoordinates
is unusuallylarge, which is aperhaps surprisingpropertyofhighdimensional
data(inthespiritofthefactthatapointonthevertexoftheunitcubeind
dimensions isdistance

p
dfromtheorigin).
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Figure5.3showshowthesphericalPCA approachgivesaboundedin‡uence
versionofPCA , forthesamesimpledataset(pointcloudorientedtowardsthe
secondandfourthquadrants, withasingleoutlier) as inFigure5.1. T hemain
ideais thatoftheprojectionapproachto L 1 M -estimation: projectthedata
ontoaspheretoreducethee¤ectofoutliers.

Figure5.3: TwodimensionalexampleshowinghowsphericalPCA
downweightsthein‡uenceofoutliers. D atapointsareshownascircles,

projectionsontotheshownsphereareshownasplusses.. T he…rsteigenvector
directionoftheprojecteddatais shownbythethickerlinesegment, thesecond

bythethinner. T helengthofeacheigenvectoris proportionaltothe
eigenvalue.

InFigure5.3, thecirclesaretherawdata, andtheresultofprojectingthem
ontoa spherecentered atthe L 1 M -estimate are shown as thethin plusses.
SphericalPCA is basedontheeigenanalysis ofthecovariancematrixofthese
projecteddata. A s forthelocationestimate, thein‡uenceoftheoutlyingob-
servationisgreatlyreduced.

Figure5.4, shows theresultofasphericalPCA forthedatasetwith the
outliershowninFigure5.2.
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Figure5.4: SphericalPCA fordataofFigure5.2.

InFigure5.4, theoutlyingobservationnowhasalmostnoe¤ectonthe…rst
PCA direction(showninthesecondrow), i.e. thewiggliness inthesecondrow
ofFigure5.2 isgone. Butmoreimportant, thesecondPCA direction(shown
in thethirdrow) nowshows the importanttiltingfeatureofthebulkofthe
data, andtheoutlieronlyappearsinthethirdPCA direction. T hisshowshow
sphericalPCA canlimitthee¤ectofoutliersonthistypeofanalysis.

A s notedneartheendofSection4, projection ontoaspheremaynotbe
completely e¤ective ifthedataareonwidely di¤erentscales in di¤erentco-
ordinatedirections. T he improvements gainedby changingthe spheretoa
suitableellipsearepresentinthepresentsituationalso. V isualinsightintothe
correspondingellipticalvariationofPCA isgiveninFigure5.5.
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Figure5.5: TwodimensionalexampleshowinghowellipticalPCA correctly
accountsfordi¤ eringaxisscaling. D atapointsareshownascircles (toprow),
projectionsontotheshownsphere(orinducedellipse) areshownasplusses

(bottom row). L efthandplotsaretheoriginalscale, rightplotsarerescaledby
thesampleM edian A bsoluteD eviations. Ellipticaleigenvectordirectionsare

showninthelowerleft.

T heupperleftplotinFigure5.5 shows asimpledatasetwhereelliptical
PCA is asubstantialimprovementoversphericalPCA T heupperrightplot
showstheresultsoftransformingthedatasothattheM A D ofeachcoordinate
axisis1. T heverticalaxishasbeensubstantiallycompressed, sothatthebulk
ofthedatanowlookspherical. P rojection ontothe sphere is nowdoneon
this scale, as showninthelowerrightplot. Finallythedataaretransformed
backtotheoriginalscale, as showninthelowerleftplot. N otethatnowthe
projecteddatalieonthesurfaceofan ellipse, thatappropriatelyre‡ects the
di¤erentscalingsoftheaxes.

Figure4.4 suggeststhatEllipticalPCA is appropriateforthecorneadata,
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andweobservedtheexpected improvements overSphericalPCA (notshown
heretosavespace). T heresultsareshowninthefollowing…gures. A gainthe
mainideaistodothenumericsofthestatisticalanalysis inthe66dimensional
featurespaceofZ ernikecoe¢cientvectors, buttorepresenttheresults inthe
visuallyintuitivespaceofcurvaturemaps.

Figure5.6is an improvedversionofFigure3.3, showingthedominantdi-
rection.
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Figure5.6: CenterisEllipticalL 1 mean, directionshows…rsteigenvectorof
EllipticalPCA .

Figure 5.6has the same basic lessons as in Figure 3.3, exceptthatthe
strongerverticalastigmatism ontheleftisnowmoreclear, andthedistracting
boundarybehaviorisnearlycompletelygone.

Figure5.7 isanimprovedversionofFigure3.4.
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Figure5.7 : CenterisElliptical L 1 mean, directionshowssecondeigenvector
ofEllipticalPCA .

Figure5.7 hasnearlycompletelyeliminatedtheverystrongboundarye¤ects
fromFigure3.4. Italsoshowsthesteepertopandbottomregionsmoreclearly
(inawaythatlooksmorelikethesefeaturesasseeninFigure2.1).

Figure5.8 isanimprovedversionofFigure3.5.
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Figure5.8: CenterisElliptical L 1 mean, directionshowsthirdeigenvector
ofEllipticalPCA .

Figure5.8 has alsoessentiallyeliminatedtheverystrongmissingdataar-
tifactsvisibleinFigure3.5. Italsomakes itmoreclearthatthis direction is
representingdi¤eringaxesoftheastigmatism.

M PEG movieversionsoftheFigure5.6- 5.8 areavailableatthewebaddress
mentioned attheend ofSection 2, in the …les norm122.mpg, norm222.mpg,
norm322.mpg.

A …nalcommentconcernstherelationshipbetweenPCA andG aussiandata.
Somehaveo¤eredtheopinionthatthe G aussianassumption is importantto
PCA . T hisreservationiswelljusti…edwhendistributiontheoryisused, forex-
ampleinclassicalmultivariatehypothesistesting. H owever, itisnotnecessarily
aproblemwhenthegoal, ashere, issimplyto…nd“interestingdirections”. T he
problemswithoutliers shown in Section3 couldbeviewed interms of“non-
G aussianity” ofthe data, butthe solution recommended in Section 5 works
e¤ectivelyinanon-G aussianway.

6 A ppendix: Z ernikebasics
T heZ ernikepolynomialscoe¢cients arechosentosummarizethecorneadata
becausethis basis has naturalinterpretation inophthalmology. T he Z ernike
polynomials areorthonormalon theunitsphere, andareradially symmetric.
Z ernikepolynomialsareacombinationoftwocomponents. O necomponentis
aFouriercomponentintheangulardirection. T heotheris aJacobi polyno-
mialintheradialdirection. Thegeneralform oftheZ ernikepolynomials (see
Schwiegerling, etal. 19 9 5) isde…nedas:

Z §mn (r;µ)=

p
2(n+ 1 )R m

n(r)cos(mµ) for + mp
2(n+ 1 )R m

n(r)sin(mµ) for ¡mp
(n+ 1 )R m

n(r) for m=0

wheren is thepolynomialorder, m is theFourierorder, and R m
n(r)is the

representationfortheJacobi polynomial.
T heJacobi polynomialisgivenby:
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R mn(r)=

1
2(n¡m)X

s=0

(¡1 )s(n¡s)!
s!

¡n+m
2 ¡s

¢
!
¡n¡m

2 ¡s
¢
!
rn¡2s:

A neasiercomputationalformula(BornandW olf, 19 80) forR m
n(r)is:

R m
n(r)=

1¡n¡m
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½
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